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The martingale approach
after
Varadhan and Dolgopyat

Jacopo De Simoi and Carlangelo Liverani

ABSTRACT. We present, in the simplest possible form, the so called martingale
problem strategy to establish limit theorems. The presentation is specially
adapted to problems arising in partially hyperbolic dynamical systems. We will
discuss a simple partially hyperbolic example with fast-slow variables and use
the martingale method to prove an averaging theorem and study fluctuations
from the average. The emphasis is on ideas rather than on results. Also, no
effort whatsoever is done to review the vast literature of the field.
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1. Introduction

In this notd] we purport to explain in the simplest possible terms a strategy to
investigate the statistical properties of dynamical systems put forward by Dmitry
Dolgopyat [3]. It should be remarked that Dolgopyat has adapted to the field of
Dynamical Systems a scheme developed by Srinivasa Varadhan and collaborators
first for the study of stochastic process arising from a diffusion [13], then for the
study of limit theorems (e.g. the hydrodynamics limit), starting with the pioneering
[7], and large deviations, e.g. [4]E The adaptation is highly non trivial as in the case
of Dynamical Systems two basic tools commonly used in probability (conditioning
and Ito calculus) are missing. The lesson of Dolgopyat is that such tools can be
recovered nevertheless, provided one looks at the problem in the right way.

Rather than making an abstract exposition, we prefer a hands-on presentation.
Hence, we will illustrate the method by discussing a super simple (but highly non
trivial) example.

The presentation is especially aimed at readers in the field of Dynamical Sys-
tems. Thus probabilists could find the exposition at times excessively detailed
and/or redundant and at other times a bit too fast.

1.1. Fast-Slow partially hyperbolic systems.
We are interested in studying fast-slow systems in which the fast variable undergoes
a strongly chaotic motion. Namely, let M, .S be two compact Riemannian manifolds,
let X = M x S be the configuration space of our systems and let mye, be the
Riemannian measure on M. For simplicity, we consider only the case in which
S = T4 for some d € N. We consider a map Fy € C"(X, X), r > 3, defined by

Fo(:[:,a) = (f(x,@),f))

where the maps f(-,6) are uniformly hyperbolic for every 6. If we consider a small
perturbation of Fy we note that the perturbation of f still yields a uniformly hy-
perbolic system, by structural stability. Thus such a perturbation can be subsumed
in the original maps. Hence, it suffices to study families of maps of the form

F.(z,0) = (f(z,0),0 + ew(x,0))

with € € (0,&¢), for some € small enough, and w € C".

Such systems are called fast-slow, since the variable 6, the slow variable, needs
a time at least £~! to change substantially.

The basic question is what are the statistical properties of F.?

The answer to such a question is at the end of a long road that starts with the
attempt to understand the dynamics for times of order e~!. In this note we will
concentrate on such a preliminary problem and will describe how to overcome the
first obstacles along the path we would like to walk.

LA first, preliminary, version of this note was prepared by the second author for a mini course
at the conference Beyond Uniform Hyperbolicity in Bedlewo, Poland, held at the end of May 2013,
which, ultimately, he could not attend. The note was then extended and presented during the
semester Hyperbolic dynamics, large deviations and fluctuations held at the Bernoulli Centre,
Lausanne, January—June 2013.

21t should be noted that the above has no pretension of being an exact historical reconstruc-
tion, it just describes the way we learned this material. Indeed, some of the relevant ideas were
previously present. See, e.g., the reference [9] pointed out to us by Sergei Kuksin.
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1.2. The unperturbed system: ¢ = (.

The statistical properties of the system are well understood in the case ¢ = 0. In
such a case 6 is an invariant of motion, while for every 6 the map f(-,0) has strong
statistical properties. We will need such properties in the following discussion which
will be predicated on the idea that, for times long but much shorter than e ~!, on the
one hand # remains almost constant, while, on the other hand, its change depends
essentially on the behavior of an ergodic sum with respect to a fixed dynamics
f(-,0). Tt is not obvious which exact general properties are necessary to prove the
type of results we are interested in. Yet, let us give an idea of the situation by
listing the main properties that we will need, and use, in the following.

(1) the maps f(-,0) admit a unique SRB (Sinai-Ruelle-Bowen) measure my.

(2) the measure mg, when seen as an element of C*(M,R)’, is differentiable
in 6.

(3) there exists Cp, a > 0 such that, for each g,h € C*(M,R), we havd]

[mLen(h - go f(-,0)) — me(g)mren(h)| < Coe™*"||h| 5, |9]|5.
img(h-go f(-,0)) — ma(g)ma(h)| < Coe™*"||R||5, |5,

where By, By are appropriate Banach spacesH

The above properties hold for a wide class of uniformly hyperbolic systems,
[11[2/51/6], yet here, to further simplify the exposition, we assume that M = T! and

(1.1) Ouf > X > 2.

Then a SRB measure is just a measure absolutely continuous with respect to
Lebesgue and all the above properties are well known with the choices B; = C!
and By = C° or By = BV and By = L' (see [10] for a fast and elementary exposi-
tion or [1] for a more complete discussion).

REMARK 1.1. For the wondering reader: in all the following arguments the case
of an higher dimensional expanding map can be treated in almost exactly the same
way (a part from a slightly heavier notation )E On the contrary, the case of a hyper-
bolic map is a bit more complex (although the logic of the argument remains exactly
the same) due to the different definition of standard pairs necessary to handle the
stable direction. See [3] for details.

REMARK 1.2. Note that in the following we do not require or use the exact
knowledge of the spectrum of the transfer operator!d Yet, a detailed understanding
of the transfer operator might be necessary in order to obtain sharper results.

3We remark that a slower decay of correlation could suffice, but let us keep things simple.

4The exact required properties for the Banach spaces vary depending on the context. In the
context that we are going to consider nothing much is needed. Yet, in general, it could be helpful
to have properties that allow to treat automatically multiple correlations: let {g1, 92,93} C Ct,
then

mLeb(91 - (92 0 f™ - g3) 0 f) = mren(g1)ma(g2 o f™ - g3) + Oe™ * g1l lg2 o f™ - gsllB,)-

Thus, in order to have automatically decay of multiple correlations we need, at least, ||g20 f™ |5, <
Cyx|lg2]|B,, which is false, for example, for the C! norm.

5Simply, the support of a standard pair will be a ball rather than a segment.

6The transfer operator Ly is simply the adjoint of the dynamics, i.e. Lou(g) = u(go f(-,0)),
when acting on an appropriate class of measures.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



314 JACOPO DE SIMOI AND CARLANGELO LIVERANI

It follows that the dynamical systems (X, Fy) has uncountable many SRB mea-
sures: all the measures of the form u(p) = [ ¢p(z,0)mq(dz)v(df) for an arbitrary
measure v. The ergodic measures are the ones in which v is a point mass. The
system is partially hyperbolic and has a central foliation. Indeed, the f(-,6) are all
topologically conjugate by structural stability of expanding maps [8]. Let A(-,0) be
the map conjugating f(-,0) with f(-,0), that is h(f(z,0),0) = f(h(z,0),6). Thus
the foliation WS = {(h(z,8),0)}ges is invariant under Fy and consists of points
that stay, more or less, always at the same distance, hence it is a center foliation.
Note however that, since in general h is only a Holder continuous function (see [8])
the foliation is very irregular and, typically, not absolutely continuous.

In conclusion, the map Fj has rather poor statistical properties and a not very
intuitive description as a partially hyperbolic system. It is then not surprising that
its perturbations form a very rich universe to explore and already the study of the
behavior of the dynamics for times of order ¢! (a time long enough so that the
variable 6 has a non trivial evolution, but far too short to investigate the statistical
properties of F¢) is interesting and non trivial.

2. Preliminaries and results

Let o be a probability measure on X. Let us define (z,,6,) = F*(x, ), then
(n,0y) are random variables [ if (9, 00) are distributed according to ppld It is
natural to define the polygonalizatiorg

(2.1) O.(t) :9@71” +(t—€L€71tJ)(9L671”+1 _QLsfltJ)v te[0,T).

Note that ©, is a random variable on X with values in C°([0, 77, S). Also, note the
time rescaling done so that one expects non trivial paths.

It is often convenient to consider random variables defined directly on the space
C°([0,T],S) rather than X. Let us discuss the set up from such a point of view.
The space C°([0,T7],S) endowed with the uniform topology is a separable metric
space. We can then view C°([0, T], S) as a probability space equipped with the Borel
o-algebra. It turns out that such a o-algebra is the minimal o-algebra containing
the open sets (;_,{¢ € C°([0,T],S) | I(t;) € U;} for each {t;} C [0,T] and open
sets U; C S, [13] Section 1.3]. Since O, can be viewed as a continuous map from
X to CY([0,T7],.S), the measure 1o induces naturally a measure P on C°([0, 7], S):
P = (0.).uolt Also, for each t € [0,T] let O(t) € C°(C°([0,T7],S),S) be the
random variable defined by ©(t,9) = 9(t), for each ¥ € C°([0,T],S). Next, for
each A € C°(CY([0, T, S),R), we will write E¢(A) for the expectation with respect
toP*. For A € C°(S,R) and ¢ € [0, 7], E°(A0O(t)) = E°(A(O(t))) is the expectation
of the function A(9) = A(9(t)), ¥ € C°([0,T], S).

To continue, a more detailed discussion concerning the initial conditions is
called for. Note that not all measures are reasonable as initial conditions. Just
think of the possibility to start with initial conditions given by a point mass, hence
killing any trace of randomness. The best one can reasonably do is to fix the

"Recall that a random variable is a measurable function from a probability space to a mea-
surable space.

8That is, the probability space is X equipped with the Borel o-algebra, pq is the probability
measure and (zn,0y) are functions of (z,0) € X.

9Since we interpolate between close points the procedure is uniquely defined in T.

10Given a measurable map 7' : X — Y between measurable spaces and a measure P on X,
T P is a measure on Y defined by T« P(A) = P(T~'(A)) for each measurable set A C Y.
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slow variable and leave the randomness only in the fast one. Thus we will consider
measures 4 of the following type: for each ¢ € C°(X,R), uo(p) = [ p(z,60)h(z)dx
for some 0y € S and h € C1(M,R). Our first problem is to understand lim. o P¢.
After some necessary preliminaries, in Section [l we will prove the following result.

THEOREM 2.1. The measures {P} have a weak limit P, moreover P is a mea-
sure supported on the trajectory determined by the O.D.FE.

o= w(O)
(2.2) 500

(0) = 6o
where &(0) = [, w(x,0)me(dz).

The above theorem specifies in which sense the random variable ©. converges
to the average dynamics described by equation (22)).

The next natural question is how fast the convergence takes place. To this end
it is natural to consider, for each ¢t € [0, T,

C(t) =72 [0:(t) - O(1)] .

Note that . is a random variable on X with values in C°([0, 7], R?) which describes
the fluctuations around the average Let P¢ be the path measure describing (.
when (xg,6y) are distributed according to the measure po. That is, P = (Ce)xtto
Our second task, and the last in this note, will be to understand the limit behavior
of @57 hence of the fluctuation around the average. Section [ will be devoted to
proving the following result.

THEOREM 2.2. The measures {f”s} have a weak limit P. Moreover, P is the

measure of the zero average Gaussian process defined by the Stochastic Differential
Equation (SDE)

d¢ = D&(©)(dt + o(©)dB
¢(0) =0,

where B is the R¢ dimensional standard Brownian motion and the diffusion coeffi-
cient o is given by

(2.3)

7(6)* =me (&(-,0) @@ (- 0)) + > me (@(f3"(-),0) @ &(-,0)) +
(2.4) =

o0

m=1
where & = w — & and we have used the notation fo(x) = f(x,0). In addition, o2 is
symmetric and non-negative, hence o is uniquely defined as a symmetric positive

definite matriz. Finally, o(0) is strictly positive, unless &(0,-) is a coboundary for

Jo.

1 Here we are using that S = T? can be lifted to its universal cover R%.
12In our notation, for any measure p and vectors v, w, p(v ® w) is a matrix with entries

p(viws).
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REMARK 2.3. Note that, setting (X, t) = E(e¥N<O) | equation @3) implies,
by Ito’s formula, that
_ 1
o = (\, Dadsy) — 5
P(A,0)=1
which implies that v is a zero mean Gaussian. In turn, this implies that ¢ is a zero
mean Gaussian process, see the proof of Proposition [0l for more details.

A\ o? Xy

REMARK 2.4. It is interesting to notice that equation (23) with o = 0 is just the
equation for the evolution of an infinitesimal displacement of the initial condition,
that is the linearised equation along an orbit of the averaged deterministic system.
This is rather natural, since in the time scale we are considering, the fluctuations
around the deterministic trajectory are very small.

REMARK 2.5. Note that the condition that insures that the diffusion coefficient
o 18 mon zero can be constructively checked by finding periodic orbits with different
averages.

Having stated our goals, let us begin with a first, very simple, result.
LEMMA 2.6. The measures {P°} are tight.

Proor. By (Z1) it follows that the path ©. is made of segments of length
and maximal slope ||w| 1, thus for all h > 0[5

e~ (t+h)]—1
1Oc(t+h) —O()|| < Cyh+e > fw(zk, 0k)l| < Cyh.
k=[e—1t]
Thus the measures P° are all supported on a set of uniformly Lipschitz functions,
that is a compact set. O

The above means that there exist converging subsequences {P<7}. Our next
step is to identify the set of accumulation points.

An obstacle that we face immediately is the impossibility of using some typical
probabilistic tools. In particular, conditioning with respect to the past and Ito’s
formula. In fact, even if the initial condition is random, the dynamics is still
deterministic, hence conditioning with respect to the past seems hopeless as it
might kill all the randomness at later times.

To solve the first problem it is therefore necessary to devise a systematic way to
use the strong dependence on the initial condition (typical of hyperbolic systems)
to show that the dynamics, in some sense, forgets the past. One way of doing this
effectively is to use standard pairs, introduced in the next section, whereby slightly
enlarging our allowed initial conditions. Exactly how this solves the conditioning
problem will be explained in Section [dl The lack of 1t6’s formula will be overcome
by taking the point of view of the Martingale problem to define the solution of a
SDE. To explain what this means in the present context is the goal of the present
note, but see Appendix [C] for a brief comment on this issue in the simple case of
an SDE. We will come back to the problem of studying the accumulation points of
{P=} after having settled the issue of conditioning.

13The reader should be aware that we use the notation C4 to designate a generic constant

(depending only on f and w) which numerical value can change from one occurrence to the next,
even in the same line.
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3. Standard Pairs

Let us fix § > 0 small enough, and ©® > 0 large enough, to be specified later;
for ¢; > 0 consider the set of functions

Y., = {G € C*([a,V],8) | a,be T ,b—ac[5/2,6],
G llco < ecy, [|G"]|eo < eDe, }

Let us associate to each G € ¥, the map G € C%([a,b], X) defined by G(z) =
(z,G(x)) whose image is a curve —the graph of G— which will be called a standard
curve. For co > 0 large enough, let us define the set of cy-standard probability
densities on the standard curve as

/

b
D, (G) = {pecl([avaRJr) ’ / p(.%')dx:l, pp o §02}~

A standard pair £ is given by ¢ = (G, p) where G € X., and p € D,,(G). Let
£. be the collection of all standard pairs for a given € > 0. A standard pair
¢ = (G, p) induces a probability measure py on X = T9*! defined as follows: for
any continuous function g on X let

b
1e(g) ::/ g(x, G(x))p(x)dz.

We defind a standard family £ = (A, v, {¢;};jca), where A C N and v is a prob-
ability measure on A; i.e. we associate to each standard pair ¢; a positive weight
v({j}) so that >°,c 4v({j}) = 1. For the following we will use also the notation
vg; = v({j}) for each j € A and we will write £ € £ if £ = {; for some j € A.
A standard family £ naturally induces a probability measure pe on X defined as
follows: for any measurable function g on X let

pe(9) ==Y verue(g).

leg

Let us denote by ~ the equivalence relation induced by the above correspondence
ie. we let £~ £ if and only if pue = per.

PROPOSITION 3.1 (Invariance). There exist § and © such that, for any c1, co
sufficiently large, and € sufficiently small, for any standard family £, the measure
F..pe can be decomposed in standard pairs, i.e. there exists a standard family £/
such that F.ope = per. We say that £ is a standard decomposition of F.,pue.

ProoF. For simplicity, let us assume that £ is given by a single standard pair
/; the general case does not require any additional ideas and it is left to the reader.
By definition, for any measurable function g:

Fepre(g) = pe(go Fro) =
b
- / o(f (2, G(x)), G(x) + ew(z, G(x)) - pla)da.

It is then natural to introduce the map fg : [a,b] — T! defined by fg(x) = foG(z).
Note that, by assumption (L)), f& > X — ec1[|0af|lco > 3/2 provided that ¢ is
small enough (depending on how large is ¢1). Hence all fg’s are expanding maps,
moreover they are invertible if § has been chosen small enough. In addition, for any

14This is not the most general definition of standard family, yet it suffices for our purposes.
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sufficiently smooth function A on X, it is trivial to check that, by the definition of

standard curve, if ¢ is small enough (once again depending on cl)

(3.1a) (Ao G)llco < [|dAlleo + el|dAllcocy
(3.1b) [(AoG)"||co < 2||dA|lcr + ¢l|dA|coDe;.
Then, fix a partition (mod 0) [fz(a), f@( )] = UjLlag,by], with b; — a; € [6/2,0]

and b; = aj11; moreover let ¢;(z) = fg ' (z) for x € [a;,b;] and define
Gj(z) = Goypj(x) +ew(p;(x), G o p;(z));
pj(x) = pop;j(x)p)(z).

By a change of variables we can thus write:

(3:2) Feupelg Z / s (@)g(z, Gy () dar

Observe that, by immediate dlﬁerentlatlon we obtain, for ¢;:
1 /l

(3.3) <p; = % 0 (p}’ = f’3 0 p;.
Let wg = wo G and G = G + ewg. Differentiating the definitions of G; and p; and
using (33) yields

Gl G// //
(3.4) Gy = S0 Gy = — G- 2E oy

I s I
and similarly
ﬁ_} _ p/ "
pi  plg
Using the above equations it is possible to conclude our proof: first of all, using (3.4)),
the definition of G and equations ([B.I]) we obtain, for small enough &:

(35) oYy — FZQ o Qj.

G’ + ewy 2

651 < |[S522] < S+ Cyereer + pe <
3
< Zacl + Cye < ecq,
provided that c; is large enough; then:

GI/ _"_Ew//

|G| < HTG + Cu(l+eDer)ecy <
G

IA

3
Zs@cl +eCycy +eCy < eDcy

provided c¢; and © are sufficiently large. Likewise, using (3I) together with (B3]
we obtain

A
- < —co + C#(l + @Cl) < cq,

pill — 3

provided that ¢y is large enough. This concludes our proof: it suffices to define
the family £ given by (A,v,{¢;}jca), where A = {1,...,m}, v({j}) = f D

15Given a function A by dA we mean the differential.
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pj =v({j})~'p; and ¢; = (G;, pj). Our previous estimates imply that (G;, p;) are
standard pairs; note moreover that ([3.2)) implies ) ;. o, v7 = 1, thus £’ is a standard
family. Then we can rewrite (32)) as follows:

Feape(g) =Y vapg(g) = per(9). O
leg
REMARK 3.2. Given a standard pair { = (G, p), we will interpret (zy,0k) as
random variables defined as (x1,,0;) = FF(x, G(x)), where  is distributed according
to p.

4. Conditioning

In probability, conditioning is one of the most basic techniques and one would
like to use it freely when dealing with random variables. Yet, as already mentioned,
conditioning seems unnatural when dealing with deterministic systems. The use of
standard pairs provides a very efficient solution to this conundrum. The basic idea
is that one can apply repeatedly Proposition 3.1 to obtain at each time a family
of standard pairs and then “condition” by specifying to which standard pair the
random variable belongs at a given time]ﬁ,

Note that if ¢ is a standard pair with G’ = 0, then it belongs to £. for all
€ > 0. In the following, abusing notations, we will use £ also to designate a family
{£.}, L. € £, that weakly converges to a standard pair £ € Neso £.. For every
standard pair £ we let P be the induced measure in path space and Ej the associated
expectation.

Before continuing, let us recall and state a bit of notation: for each ¢ € [0, T
recall that the random variable ©(t) € C°(C°([0,77, S), S) is defined by ©(t,9) =
J(t), for all ¥ € CO([0,T],S). Also we will need the filtration of o-algebras F;
defined as the smallest o-algebra for which all the functions {O(s) : s < t} are
measurable. Last, we consider the shift 75 : C°([0,T],S) — C°([0, T — s], S) defined
by 75(9)(t) = ¥(t + s). Note that O(t) o 75 = O(¢t + s). Also, it is helpful to keep in
mind that, for all A € C°(S,R), we havell

E5(A(O(t + ko)) = ne(A©.(t + ke))) = ne(A(O. (1) o FE).

Our goal is to compute, in some reasonable way, expectations of a function of
O(t + s) conditioned to Fy, notwithstanding the above mentioned problems due to
the fact that the dynamics is deterministic. Obviously, we can hope to obtain a
result only in the limit € — 0. Note that we can always reduce to the case in which
the conditional expectation is zero by subtracting an appropriate function, thus it
suffices to analyze such a case.

The basic fact that we will use is the following.

LEMMA 4.1. Lett' € [0,T] and A be a continuous bounded random variable on
C°([0,#'], S) with values in R. If we have

lim sup |[E7(A)| =0,

e—0 ZGEE

16Note that the set of standard pairs does not form a o-algebra, so to turn the above into
a precise statement would be a bit cumbersome. We thus prefer to follow a slightly different
strategy, although the substance is unchanged.

17To be really precise, maybe one should write, e.g., E7 (Ao ©O(t + ke)), but we conform to
the above more intuitive notation.
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then, for each s € [0,T —t'], standard pair ¢, uniformly bounded continuous func-
tions {B;}!,, B; : S = R and times {t1 < --- < tn} C[0,s),

limg B (H Bi(0(t:)) A) =0.

i=1

ProOOF. The quantity we want to study can be written as

(HB (Ts(@e))> .

To simplify our notation, let k; = [t;e~!| and k11 = [se~1]. Also, for every stan-
dard pair ¢, let £, ; denote an arbitrary standard decomposition of (Fsk ”l_ki)* i
and define 0} = p, (60 fae pe(z)Gy(x)dz. Then, by Proposition Bl

e <H B;(O.(t:)) - ) = pue <H B(© A(To—etp s (B: 0 F§m+1))>
i=1
= Z Z [HVEiBi(ezi)

3

Um+1M8,, 41 ('A(@E)) + 0(1)

£1€L1 0 Lny1€Lm 0, LI1=1
m
= Z e Z H ve, Bi(65,) | vm+1E7, ., (A) +o(1)
£1€L1 0 Lny1€Lm 0, L1=1
where lim._,g 0(1) = 0. The lemma readily follows. O

Lemma F.] implies that, calling P an accumulation point of 5, we havdd

(4.1) (HB Ao TS> =0.

This solves the conditioning problems thanks to the following
LEMMA 4.2. Property [&1)) is equivalent to
E(AoT, | Fs,) =0,
for all s; < s.

PrOOF. Note that the statement of the Lemma immediately implies (1]), we
thus worry only about the other direction. If the lemma were not true then there
would exist a positive measure set of the form

K= ﬂ{ﬁ ) e K;b,

where the {K;} is a collection of compact sets in S, and ¢; < s, on which the
conditional expectation is strictly positive (or strictly negative, which can be treated
in exactly the same way). For some arbitrary § > 0, consider open sets U; D K; be

18By E we mean the expectation with respect to P.
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such that P({9(t;) € U; \ K;}) < §27%. Also, let Bs; be a continuous function such
that Bj,;(9) =1 for ¥ € K; and Bs;(¢) =0 for ¥ ¢ U;. Then

0<E(lgAors)= lim E <H B;si(O(t;)) - Ao TS> + Cyd = Cyuo

n—00 o
1=
which yields a contradiction by the arbitrariness of §. O

In other words, we have recovered the possibility of conditioning with respect
to the past after the limit ¢ — 0.

5. Averaging (the Law of Large Numbers)

We are now ready to provide the proof of Theorem 21l The proof consists of
several steps; we first illustrate the global strategy while momentarily postponing
the proof of the single steps.

Proof of Theorem [2.I] As already mentioned we will prove the theorem for
a larger class of initial conditions: any initial condition determined by a sequence of
standard pairs. Note that for any fixed flat standard pair ¢, i.e. Go(x) = 6, we have
an initial condition assumed in the statement of the Theorem. Given a standard
pair £ let {P5} be the associate measures in path space (the latter measures being
determined, as explained at the beginning of Section Bl by the standard pair ¢
and (20])). We have already seen in Lemma 2.0] that the set {Pj} is tight.

Next we will prove in Lemma [5.1] that, for each A € C?(S,R), we have

t

B (A(0(0) - A00) - [ @O, va©)r)

(5.1) lim sup = 0.

e7Y s,

Accordingly, it is natural to consider the random variables A(t) defined by

A(t,9) = A(9(t)) — A(9(0)) —/O (@(0(r)), VA(I(7)))dr,

for each t € [0,7] and ¥ € C°([0,T], S), and the first order differential operator
(5.2) LA = (w,VA).

Then equation (&), together with Lemmata F1] and [42] means that each accu-
mulation point P, of {P5} satisfies, for all s € [0,7] and ¢ € [0,T — s,
7) =0

t+s
(5.3) Eg(AoTy | Fs) =Ey (A(@(t +35))— A(©(s)) — LAO(T))dr
this is the simplest possible version of the Martingale Problem. Indeed it implies
that, for all #, A and standard pair ¢ such that Gy(z) = 6,

S

M(t) = A(O(t)) — A(©(0)) — /O LA(O(s))ds

is a martingale with respect to the measure Py and the filtration F; (i.e., for each
0<s<t<T,Eo(M(t)|F,) =M(s)X Finally we will show in Lemma [ that
there is a unique measure that has such a property: the measure supported on the
unique solution of equation (Z2]). This concludes the proof of the theorem. O

In the rest of this section we provide the missing proofs.

19We use Py to designate any measure Py with Gy(z) = 6.
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5.1. Differentiating with respect to time.
Let us start with the proof of (G1).

LEMMA 5.1. For each A € C2(S,R) we havf]

hm sup
ZEE

B (A(6(0) - ae0) - | (@(0(s)) VA<@<s>>>ds)\ o,

where (we recall) W(0) = mg(w(-,0)) and my is the unique SRB measure of f(-,0).

PROOF. We will use the notation of Appendix [Bl Given a standard pair £ let
pe=p, 05 = () and f«(x) = f(z,0}). Then, by Lemmata [B.I] and [B.2] we can
write, for n < Ce™ 2

b n—1
we (A(6y)) = / p(x)A (90 +e Z w(zp, Gk)> dx

k=0

b n—1
—/ p(z)A <9g+szw(xk,az)> dz + O(e*n? 4 ¢)

/ p(x)A(0}) dac—l—aZ/ WYVA®B), w(zy, 0F))dz + O(e)
b
— [ p@)A(Grw)dz + O()

+e Y [ p@)(TAG)wlrE o Ya(o). 7))

— pe(A(6o)) +sz / JVA®G), (£ (x).67))de + O(E)

where p,(z) = [;—f“)] oY, !(x). Note that [, g, = 1 but, unfortunately, ||5| zv

may be enormous. Thus, we cannot estimate the integral in the above expression by
naively using decay of correlations. Yet, equation (B.3) implies |Y,! — 1| < Cgen?.
Moreover, p = (X[q,y)2) © Y~ has uniformly bounded variation?d Accordingly, by
the decay of correlations and the C! dependence of the invariant measure on 6 (see
Section [[:2]) we have

[ @A) A @), 872 dn = [ @) (TAG) o 7E(0), 07+ Ofen)
= s () ((VA(E), (-, 07))) + Oen® +¢7k)
= e (TA(0),3(00))) + Olen? +e0%).

Hence,

(5-4) pe (A(0n)) = ne(A(00) + en{V A(6o), &(00))) + O(n’e” +e).

20Gee Lemma [C.J] for the relation between the differentiability mentioned in the title of the
subsection and the present integral formula.

21By O(e%n®) we mean a quantity bounded by Cxe®n®, where C does not depend on £.

22Indeed, for all ¢ € C!, |ploo < 1, [Py’ = ffp~<p’ oY Y= f: plpoY) <|pllBv.
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Finally, we choose n = [s*%] and set h = en. We define inductively standard
families such that £,, = {¢} and for each standard pair ¢;11 € £, the family £51+1 i
a standard decomposition of the measure (F")* i, ,. Thus, setting m = [te~ i1-1
recalling equation (54)) and using repeatedly Proposition B

EZ(A(O(1))) = pe(A(fre-1)) = pe(A(6o)) + i 1o (A0~ (k- 1yn)) — A(Oz-1kn))

m—1
SIS S SR Sl ) O (16,1 (£H(V AB0),2(00))) + O(e)]

k=0 f1€£e0 L — 1E£ek 2_] 1

=ES (A(@(O)) + mz_: (VA(O(kh)), w(@(k:h))>h> + O(e51)

- &7 (4(0(0) + [ (VA©().(O(s)ds ) + O

0
The lemma follows by taking the limit ¢ — 0. g

5.2. The Martingale Problem at work.
First of all let us finally specify precisely what we mean by the martingale problem.

DEFINITION 1 (Martingale Problem). Given a Riemannian manifold S, a linear
operator L : D(L) C C°(S,RY) — C°(S,R?), a set of measures P, y € S, on
C°([0,T1,5) and a filtration F, we say that {P,} satisfies the martingale problem if
for each function A € D(L),

Py ({2(0) = y}) =1
M(t,z) := A(z(t)) — / LA(z(s))ds is Fy-martingale under all Py,.

We can now prove the last announced result.

LEMMA 5.2. If W is Lipschitz, then the martingale problem determined by (5.2)
has a unique solution consisting of the measures supported on the solutions of the

ODE
(5.5)
PROOF. Let © be the solution of (5.5) with initial condition y € T¢ and P,
the probability measure in the martingale problem. The idea is to compute
LE,(16(1) ~ (1)) = £ B, ((0(1),6(1) — 202(B(1), By (O(1)

~2(B(0), 5B,(O(1)) + 2(2(B(1), (1),

(
To continue we use Lemma [C.I] where, in the first term A(#) = |02, in the third
A(0) = 6; and the generator in (53] is given by LA(0) = (VA(0),w(6)).

iEy(ll@(t)—@(lﬁ)HQ):2IE ((6(t),w(0(1)))) — 2(@(O(1)), Ey (O(1)))

) =
—2(8(1), £, (@(6(1)))) + 2K, ((6(t),w(8())))
=E,((8(t) - 6(t),w(6(t)) — @(8(1))))-

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



324 JACOPO DE SIMOI AND CARLANGELO LIVERANI

By the Lipschitz property of @ (let Cp be the Lipschitz constant), using the
Schwartz inequality and integrating we have

t
E,(6() —-0®)]*) < 2CL/O E,([O(s) — O(s)||*)ds
which, by Gronwall’s inequality, implies that
P,({6)) = 1. O

6. A recap of what we have done so far

We have just seen that the martingale method (in Dolgopyat’s version) consists
of four steps

(1) Identify a suitable class of measures on path space which allow one to han-
dle the conditioning problem (in our case: the one coming from standard
pairs)

(2) Prove tightness for such measures (in our case: they are supported on
uniformly Lipschitz functions)

(3) Identify an equation characterizing the accumulation points (in our case:
an ODE)

(4) Prove uniqueness of the limit equation in the martingale sense.

The beauty of the previous scheme is that it can be easily adapted to a variety of

problems. To convince the reader of this fact we proceed further and apply it to
obtain more refined information on the behavior of the system.

7. Fluctuations (the Central Limit Theorem)

It is possible to study the limit behavior of (. using the strategy summarized
in Section [6 even though now the story becomes technically more involved. Let us
discuss the situation a bit more in detail. Let IP’E be the path measure describing
(6 when (xg,6y) are distributed according to the standard pair (3 Note that,

= ((c)«pe. Again, we provide a proof of the claimed results based on some facts
that will be proven in later sections.

Proof of Theorem [2.2] First of all, the sequence of measures ]P’ is tight,
which will be proven in Proposition [[.Jl Next, by Proposition [[.4] we have that

SR (At - aco) - [ 2aaccisas) | =o
where

d
(12)  (LANQ) = (VA DBOE)) + 5 3 [7°@(5)) 060, A,

with diffusion coefficient o2 given by (24)). In the following we will often write,
slightly abusing notations, o (t) for o(O(t)).

23 As already explained, here we allow £ to stand also for a family {€. } which weakly converges
to ¢. In particular, this means that © is also a random variable, as it depends on the initial
condition 6g.
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We can then use equation (1) and Lemma FI] followed by Lemma to
obtain that

A(C() — A(G(0)) - / L.A(C(s))ds

is a martingale under any accumulation point P of the measures ﬁ’j with respect
to the filtration F; with P({¢(0) = 0}) = 1. In Proposition [7.6] we will prove that
such a problem has a unique solution thereby showing that lim._,q IE’Z =P.

Note that the time dependent operator L is a second order operator, this
means that the accumulation points of (. do not satisfy a deterministic equation,
but rather a stochastic one. Indeed our last task is to show that P is equal in law
to the measure determined by the stochastic differential equation

d¢ = D& o ©(t) (dt + cdB
¢(0)=0

where B is a standard R? dimensional Brownian motion. Note that the above
equation is well defined in consequence of Lemma which shows that the matrix
o2 is symmetric and non negative, hence o = o7 is well defined and strictly positive
if & is not a coboundary (see Lemma [TH]). To conclude it suffices to show that
the probability measure describing the solution of (Z3)) satisfies the martingale
problem It follows from Ito’s calculus, indeed if ¢ is the solution of ([Z3) and

A € C", then Ito’s formula reads

AAQ) = Y206 AW + 5 3 04,06, AQouoiud

.9,k

(7.3)

Integrating it from s to ¢ and taking the conditional expectation we have

e (o) - accon - | L A(C(r))ir | 7) =0

See Appendix [C] for more details on the relation between the Martingale problem
and the theory of SDE and how this allows to dispense form It6’s formula altogether.

We have thus seen that the measure determined by (7.3)) satisfies the martingale
problem, hence it must agree with P since P is the unique solution of the martingale
problem. The proof of the Theorem is concluded by noticing that (Z3]) defines a
zero mean Gaussian process (see the end of the proof of Proposition [T6]). O

7.1. Tightness.
PROPOSITION 7.1. For every standard pair £, the measures {ﬁj}wo are tight.

PRrOOF. Now the proof of tightness is less obvious since the paths have a Lip-
schitz constant that explodes. Luckily, there exists a convenient criterion for tight-
ness: Kolmogorov criterion [15) Remark A.5].

THEOREM 7.2 (Kolmogorov). Given a sequence of measures P¢ on C°([0,T],R),
if there exists a, 8,C > 0 such that

E°(|2(t) — 2(5)7) < CJt — 5|+
for all t,s € [0, T] and the distribution of z(0) is tight, then {P¢} is tight.

24We do not prove that such a solution exists as this is a standard result in probability, [15].
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Note that (-(0) = 0. Of course, it is easier to apply the above criteria with
B € N. It is reasonable to expect that the fluctuations behave like a Brownian
motion, so the variance should be finite. To verify this let us compute first the case
B = 2. Note that, setting @&(x,0) = w(z,0) — o(0),

[e=1t]—1
\/_ Z xk,gk —UJ(@(E]C))] +O(\/g)

[e™ t'|71
Ve S (b 00) + (0) - a(B(ek)] + O(VE)
(7.4) (_‘“:]071
VE S [ar00) + VED@(B (k)G (ke)] + O(VE)
k=0
[e~1t]-1 ,
+ 3 OEE|GER)P).

k=0

We start with a basic result.

LEMMA 7.3. For each standard pair £ and k,1 € {0,...,e"*}, k > 1, we have
2

k
11 Za) zj,0; < Cyu(k—1).

The proof of the above Lemma is postponed to the end of the section. Let us
see how it can be profitably used. Note that, for t = ek, s = ¢l,
k
(7.5)  EG(I<() = C(5)IIP) < Cyelt — s+ Clt = sle > pel(ICe () 1) + Cipee,
j=l

where we have used Lemma [73] and the trivial estimate [|¢.|| < Cue™ 2. If we use

the above with s = 0 and define My = sup; <, f1e(|C=(£7)|*) we have
My, < Cyek + Cyk?e* M.
Thus there exists C > 0 such that, if k < Ce™!, we have M, < Cyuck. Hence, we
can substitute such an estimate in (5] and obtain
(7.6) EZ(IC(8) = C(9)[7) < Cyelt — 5| + Cige.

Since the estimate for |t — s| < Cye is trivial, we have the bound,

EF([I¢(t) = C(s)I*) < Celt — s].

This is interesting but, unfortunately, it does not suffice to apply the Kolmogorov
criteria. The next step could be to compute for 8 = 3. This has the well known
disadvantage of being an odd function of the path, and hence one has to deal with
the absolute value. Due to this, it turns out to be more convenient to consider
directly the case § = 4. This can be done in complete analogy with the above
computation, by first generalizing the result of Lemma [Z.3] to higher momenta.
Doing so we obtain

(7.7) EZ([|¢() = C(s)I1") < Celt = s,
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which concludes the proof of the proposition. Indeed, the proof of Lemma [73]
explains how to treat correlations. Multiple correlations can be treated similarly
and one can thus show that they do not contribute to the leading term. Thus the
computation becomes similar (although much more involved) to the case of the sum
independent zero mean random variables X; (where no correlations are present),
that is

k E

k
E(Y_XIh= > EXiXuXiXi)=) EX?X])=0(k-1>).

i=l i1yeyig=l i,j=I
For future use let us record that, by equation (7)) and the Young inequality,
= 3
(7.8) EZ([€() = C()IP) < Oyt — 5|2 O
We still owe the reader the

ProoFr oF LEMMA [[.3l The proof starts with a direct computation
2
k k
e | D@0 | <D e (@(5,6;)°)
j=l =1
k

k
+23 03 e (@, 05)(2r, 6,))
I+

j=l r=I+1

<C#‘k_l|+22 Z pie (@ (5, 05)@ (2, 0r)) -

Jj=lr=j+1

To compute the last correlation, remember Proposition Bl We can thus call £;
the standard family associated to (F?).pu, and, for r > j, we write

pe (&2, 0;)6(r,0,)) = > vieypaey (O(0,00)&(wr—j, 07— 5))
liEL;

be,
Z Vgl/ pzl .’L’ Gfl( )) (337" ]79T g)

04 62

We would like to argue as in the proof of Lemma[5.0] and try to reduce the problem
to

bey bey
/ oo (@), 07, o (. 07,) = / pon (@), 05, ) fT9 (Yo (). 67,

_ /Tr (@)D (Y, 2 (@), 0,0 (@), 67,),

but then the mistake that we would make substituting p with p is too big for
our current purposes. It is thus necessary to be more subtle. The idea is to write
pe, ()@ (x, Gy, () = anp1(x) +azpe(x), where py, po are standard densities 28 Note
that aq, as are uniformly bounded. Next, let us fix L > 0 to be chosen later and

25To simplify notation we do the computation in the case d = 1, the general case is identical.
26In fact, it would be more convenient to define standard pairs with signed (actually even
complex) measures, but let us keep it simple.
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assume 1 — j > L. Since {1 ; = (G, p;) are standard pairs, by construction, calling
Lo, = (F"77L), g, , we have

be, be,
/'m@mMﬁrJ 3 %/ pen(@)(fE (Vi (), 07,) + O(<L)

aey Zze,ﬂg“
- Y / 2o fE(x),07,) + O(cL)
526221
- Y / 2)o(fE(2).07,) + O(EL?)
5262211

=O0(e~#l 4¢c1?),

due to the decay of correlations for the map f. and the fact that w(-,0;,) is a zero
average function for the invariant measure of f.. By the above we have

k k
pe | D> @(x;,0;)| | <Cup> {le™# +eL?(k—j) + 1 +eL%}
7=l 7=l
which yields the result by choosing L = clog(k — j) for ¢ large enough. ([l

7.2. Differentiating with respect to time (poor man’s Ito’s formula).

PROPOSITION 7.4. For every standard pair £ and A € C*(S,R) we have

B (40) - atco) - [ £.acs)as) 0

PROOF. As in Lemma [5T] the idea is to fix h € (0,1) to be chosen later, and
compute

hm sup
ZEEE

E7(A(C(t+ h)) = A(C(1))) = EF((VA(C(1)), (t +h) = (1))

(7.9) _ .
+ E%(%<(D2A)(C(t))(<(t +h) = C(1), C(t+h) = (1)) + O(h2),

where we have used (7.8]). Unfortunately this time the computation is a bit lengthy
and rather boring, yet it basically does not contain any new idea, it is just a brute
force computation.

Let us start computing the last term of (7). Setting ¢"(¢) = ((t + k) — ((t)
-1
and Q" = ,(::t};)fl (K, Ok), by equations (T4) and using the trivial estimate
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[¢()|| < Cye™2, we have

(t+h)e !
ES((D*A)(C)C"®), ") =¢ > pme((D*A)(C(8)é(wx, 04), (x5, 6,)))
k,j=te—1
, (t+h)e~?!
+0 |e2 Z e (]2 ||<s(j6)||)) +0 (ee([2])

(t+h)e ! (t+h)e?!
+0 [ Y w(QICGI) +2 > uz(ll@(ke)llIICs(js)II))

j=te—1 k,j=te—1

. (t+h)e? (R
+0 et 3 wllcke)l) +eF > uz(llcg(ks)llIICE(J'E)IIQ)H)

k=te—1 k,j=te—1

(t+h)e ! (t+h)e!
+0 e Y Gk +e* Y ue(le(kE)|2||Cs(j6)||2))-

k=te—1 k,j=te—1
Observe that (Z6), (Z8) and (T17) yield

pe(llCe(ke)I™) = pelI¢:(ke) = C=(0)|™) < Cp(ek)® < Cy

for m € {1,2,3,4} and k < Cyxe~'. We can now use Lemma [T.3 together with
Schwartz inequality to obtain

(7.10)
(t+h)e~?!
E (D2 A)(C(1))C" (1), " (1) =2 Y pe(((D>A) (G () (x, Ok, (a5, 65)))
k,j=te—1

+O(Veh +h% +¢).
Next, we must perform a similar analysis on the first term of equation (9.

_ (t+h)e !
E;((VAC®),¢"0) =vE Y me((VAC(1)), &k, bk)))
(7.11) e
(t+h)e o
+te Y m((VA(G(D), Do(B(ek))(: (k) + O(VE).
k=te—1
To estimate the term in the second line of ([ZI1]) we have to use again (T4)):

(t+h)e~ !

Y me((VAG1), Do(B(ek))¢: (k) = he ™ pe((VA(G(1)), D@(O(#))¢: (1))
k=te—1

(t+h)e 'k

+OE R+ +vE Y > w(VAL(), Da(B(t)i(;, 65)))-

k=te—1 j=te—1

To compute the last term in the above equation let £, be the standard family
generated by £ at time £~ 't, then, setting a.(0,t) = VA(e 2 (0 — O(t))) and j =
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L we can write

pe((VA(C(t)), Do(O(t))w (x5, 6)))
d
= Z Z Vhﬂél(ae(eOat) (@( ))r sw(x3703)8)~

1Ly Ts=1

j—te™

Next, notice that for every r, the signed measure g, »(¢) = i, (@:(6o,t)r¢) has
density pg, a-(Gy, (x),t), whose derivative is uniformly bounded in e,t. We can
then write ji, » as a linear combination of two standard pairs ¢; ;. Finally, given
L eN,if j > L, we can consider the standard families Ly, , generated by £y ; at
time j — L and write, arguing as in the proof of Lemma [3]

/’Lél L( J7 J Z sz/’('& mLaeL) )
Z2€£zl1
be,
= 30 v [ ot (@)01,)s + 0L
L2€Lyy

= O0(e”9#L 1 cL?).
Collecting all the above estimates yields

(t+h)e™ !

> w((VAG(1), Do(O(ek))C:(ek))) = O(h? + &2 h)

k=te—1
+ hue((VA(C (1)), Da(O(1))C- (1)) + O(h?e3 L2 + h?e~2e~C#F 4 e3 Lh).
To deal with the second term in the first line of equation (Z.I1]) we argue as before:

3
(7.12)

(t+h)e™? te 4L
D w((VAG®),@ler, 06) = Y pe((VA(C(L)), &(@n, 0r)))
k=te—1 k=te—1

+ O(hL? 4 e theC#1)
= O(L + hL? + e the®#L).
Collecting the above computations and remembering (-4)) we obtain
B (VA(C(1)), ¢"(1))) =hE5 ((VA(C(1)), Da(6(1))¢(1))
+ O(h? + Ly/e + h/zL?)

provided L is chosen in the interval [C Ine~!, e_%] with C, > 0 large enough.

To conclude we must compute the term on the right hand side of the first line
of equation ([I0). Consider first the case |j — k| > L. Suppose k > j, the other
case being equal then, lettmg £¢ be the standard family generated by ¢ at time

el and set k =k —e 1t = j —e't, B(x,0,t) = (D2A)(e~2(0 — O(¢)))

pe(((D2A)(Ce(8))(wn, On), (a5, 65)))

= > vees ((B(wo, 0o, )@y, 0;), (x5, 65))).-
£1eL,

(7.13)

Note that the signed measure fiz, rs(9) = pte, (Brsg) has a density with uniformly
bounded derivative given by pe, r.s = pe, B(z, G, (x),t)r,s. Such a density can then
be written as a linear combination of standard densities p¢, s = 1.0, ,r,501,01,r,5s +
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2.0, r,s02,01,r,s With uniformly bounded coefficients o ¢, . We can then use the
same trick at time j and then at time £ — L and obtain that the quantity we are
interested in can be written as a linear combination of quantities of the type

ﬂfs,r,S(QS(fELa 0r)) = ﬂfs,r,S(QS(xLa 02;) + O(Le)

b
- / prain (. (2),607,) + O(L%e)
a
= O(e 9L £ L%)
where we argued as in the proof of Lemma [[3l Thus the total contribution of all
such terms is of order L2h? + ¢~ te=“#Lh2. Next, the terms such that |k — j| < L
but j < e~'t + L give a total contribution of order L?¢ while to estimate the other

terms it is convenient to proceed as before but stop at the time j — L. Setting
k =k — j 4+ L we obtain terms of the form

fig 7,5 (@5 (27, 0 )0p (21, 01))) = T (07, )rs + O™ “#L + L)
where
Du(6) = [ @l7§(@).6) @ a(a,6) molda).
S

The case j > k yields the same results but with I';. Remembering the smooth
dependence of the covariance on the parameter 6 (see [10]), substituting the result

of the above computation in (ZI0) and then (ZI0) and (CI3) in (T9) we finally
have

E5(A(C(t+ h)) — A(C(1))) = hEF((VA(C(1), D(O(t))C(#)))
+ hES (Tr(0(©(t)) D2A(((L)))) + O(Lv/z + hL*E + h2L?)

t+h . . .
=/t []EE(WA(C(S)),DQ(G(S))C(S»)+EZ(TI(UQ(@(S))DQA(C(S))) ds

+ O(L\z + hL*\E + h3 + h2L?).

The proposition follows by summing the h~!t terms in the interval [0,¢] and by
choosing L = e~ 10 and h = e3. (Il

In the previous Lemma the expression o2 just stands for a specified matrix,
we did not prove that such a matrix is positive definite and hence it has a well
defined square root o, nor we have much understanding of the properties of such a
o (provided it exists). To clarify this is our next task.

LEMMA 7.5. The matrices 02(s), s € [0,T], are symmetric and non negative,
hence they have a unique real symmetric square root o(s). In addition, if, for
each v € R, (v, @) is not a smooth coboundary, then there exists ¢ > 0 such that
o(s) > cl.
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PROOF. For each v € R? a direct computation shows that

lim lmg li(v,w(fé“(-), 9)>]

n—o00 N =
= tim LS g (050, 0 0, (50).0))
k,j=0
= (0. 0)) + Tim 237 (= Kyma(( (- 0), ) 0. wo(FE().0))
k=1

= mg((v,0(-,6))%) +2D_ mo ((w(-,8),0){v,w(f5(),8))) = (v,0(6)*v).
k=1

This implies that o(6)? > 0 and since it is symmetric, there exists, unique, o(6)
symmetric and non-negative. On the other hand if (v,0?(6)v) = 0, then, by the
decay of correlations and the above equation, we have

n—1 2
e [Z@w(fﬂ-)ﬁ))] = nmo((v,w(-.9))?)

k=1

F2n' S mp (0,00, 0)) o, w(£E().6)) + O()
k=0

=2n Z me (<v,w(~,9))<v,w(f§(~), 9)>)+0(1):O(1)

Thus the L2 norm of ¢,, = 27— (v, w(f§(-),0)) is uniformly bounded. Hence there
exist a weakly convergent subsequence. Let ¢ € L? be an accumulation point, then
for each ¢ € C* we have

me(¢ o fop) = kli_?;o mg(Pn,, © for) = mao(Ppp) —me({v,w(-,0))p)

That is (v, w(z,0)) = ¢(x) — po fo(z). In other words (v, w(z,6)) is an L? cobound-
ary. Since the Livsic Theorem [11] states that the solution of the cohomological
equation must be smooth, we have ¢ € C*. a

7.3. Uniqueness of the Martingale Problem.

We are left with the task of proving the uniqueness of the martingale problem. Note
that in the present case the operator depends explicitly on time. Thus if we want to
set the initial condition at a time s # 0 we need to slightly generalise the definition
of martingale problem. To avoid this, for simplicity, here we consider only initial
conditions at time zero, which suffice for our purposes. In fact, we will consider
only the initial condition ¢(0) = 0, since it is the only one we are interested in. We
have then the same definition of the martingale problem as in Definition [Il apart
form the fact that £ is replaced by Ls and y = 0.

Since the operators L, are second order operators, we could use well known
results. Indeed, there exists a deep theory due to Stroock and Varadhan that
establishes the uniqueness of the martingale problem for a wide class of second
order operators, [13]. Yet, our case is especially simple because the coefficients of
the higher order part of the differential operator depend only on time and not on

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MARTINGALES 333

¢. In this case it is possible to modify a simple proof of the uniqueness that works
when all the coefficients depend only on time, [13], Lemma 6.1.4]. We provide here
the argument for the reader’s convenience.

PROPOSITION 7.6. The martingale problem associated to the operators Ls in
Proposition [[4 has a unique solution.

PRrOOF. As already noticed, L, defined in (7.2), depends on ¢ only via the
coeflicient of the first order part. It is then natural to try to change measure so that
such a dependence is eliminated and we obtain a martingale problem with respect
to an operator with all coefficients depending only on time, then one can conclude
arguing as in [13], Lemma 6.1.4]. Such a reduction is routinely done in probability
via the Cameron-Martin-Girsanov formula. Yet, given the simple situation at hand
one can proceed in a much more naive manner. Let S(¢) : [0,7] — Mg, My being
the space of d x d matrices, be the generated by the differential equation

S(t) = —Dw((1))S(1)
S(0) = 1.
Note that, setting ¢(¢) = det S(t) and B(t) = Dw(6(t)), we have
<(t) = —tr(B(1))s(t)
s(0) =1.
The above implies that S(¢) is invertible.
Define the map § € CoC([0, T],RY), CO([0, T], RY)) by [S¢](t) = S(t)¢(t) and
set P = S,P. Note that the map S is invertible. Finally, we define the operator
-1 .
Li=5 > E()%: 50¢,0c,
0,J
where $()2 = S(t)o(t)25(t)*, o(t) = o(O(t)) as mentioned after (ZZ). Let us
verify that P satisfies the martingale problem with respect to the operators £;. By
Lemma [C.1] we have

CEACW) | F) = SEASO) | F)

dt
= E(S()VA(S(£)C(1)) + LLA(S()C(H)) | Fo)

= 2B [ 3 0200500 A0S DS (005 | 7.

i,9,k,1
= E(LA(C(1) | Fs)-
Thus the claim follows by Lemma again.
Accordingly, if we prove that the above martingale problem has a unique so-
lution, then P is uniquely determined, which, in turn, determines uniquely P, con-

cluding the proof.
Let us define the function B € C}(R?¢*+1 R) by
=

B(t, ¢, ) = eMO =3 JLADE) N dr
then Lemma implies
d

—E(B(t,¢(t),\) | Fo) = E(

. _%0\, S(62NB(t,C(), A) + LeB(,C(1),\) | F) = 0.
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Hence
E(eMO) | F,) = eXClnt3 [IADM) Ndr

From this follows that the finite dimensional distributions are uniquely determined.
Indeed, for each n € N, {A\;}2, and 0 < ¢; < --- < ¢, we have

E (ez:':lw,c(ti») -F (ez;sz,c(ti)@ <€<An,<<tn>> } fm))
- (ez;;"‘<,\i,<(ti)>+<,\n,l+,\n,<(tn,1)>) N R R
— o2 Jo () X (1) Ty AiT

where n(7) = inf{m | t,, > 7}. This concludes the Lemma since it implies that the
measure is uniquely determined on the sets that generate the a—algebra Note
that we have also proven that the process is a zero mean Gaussian process; this,
after translating back to the original measure, generalises Remark 2.3 (]

Appendix A. Geometry
For ¢ > 0, consider the cones C. = {(£,n) € R? : || < ec|¢|}. Note that

dFe = <58xw 1+ 689w> )

Thus if (1,eu) € Ce,
dpFe(1,eu) = (05 f(p) + cudy f (p), 0w (p) + u + eQuagw(p))

= 0. f(p) (1 + sgiﬁg u) - (1,e2p(u))
where
(A.1) 2, (u) = 0w(p) + (1 + edpw(p))u

0:f(p) + €00 f(p)u

Thus the vector (1,eu) is mapped to the vector (1,eE,(u)). Thus letting K =
max{||0zw|co, ||Oow]| oo, [|00 flloc } We have, for |u| < ¢ and assuming Kec < 1,
K+ (1+eK)c < K+1+c¢

A—eKe = A=-1 ~
Thus, if we choose ¢ € [§£2,(¢K)~!] we have that d,F.(C.) C C.. Since this
implies that d,F-'CC. C CC. we have that the complementary cone [Cr.-1 is
invariant under dF-!. From now on we fix ¢ = %

Hence, for any p € T'*% and n € N, we can define the quantities v,,, ty, sp, "
as follows:

(A.2) dp, F1'(1,0) = v, (1, euy) dpF (s, 1) = 1,(0,1)

Ep(u)] <

with |u,| < ¢ and |s,| < K. For each n the slope field s,, is smooth, therefore
integrable; given any small A > 0 and p = (x,0) € T*+<, define W< (p, A) the local
n-step central manifold of size A as the connected component containing p of the
intersection with the strip {|6¢’ — 8] < A} of the integral curve of (s,,1) passing
through p.

27See the discussion at the beginning of Section

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MARTINGALES 335

Notice that, by definition, d,F:(sn(p),1) = rn/rn—1(Sn—1(F:p),1); thus, by
definition, there exists a constant b such that:

(A.3) exp(—be) < TTn < exp(be).
n—1

Furthermore, define I'), = Z;é Oz f o FF. and let
ol

A4 a=c .

(A4) Exi

Clearly,

(A.5) T, exp(—aen) < v, < T, exp(aen).

Appendix B. Shadowing

In this section we provide a simple quantitative version of shadowing that is
needed in the argument. Let (zj,0;) = F¥(z,0) with k € {0,...,n}. We assume
that 6 belongs to the range of a standard pair ¢ (i.e., § = G(x) for some z € [a, b]).

Let 0* € S such that ||0* — 0| < ¢ and set f.(z) = f(z,0*). Let us denote with
7y : X — S the canonical projection on the = coordinate; then, for any s € [0, 1],
let

Hp(x,2,8) = T F (2,07 + s(Ge(x) — 07)) = fI'(2)
Note that, H,(x,z,0) = 0, in addition, for any z,z and s € [0,1]
8an(l‘, 2, 3) = _(ff)/(z)

Accordingly, by the Implicit Function Theorem any n € N and s € [0, 1], there
exists Y, (z,s) such that?d H,(z,Y,(z,s),s) = 0; from now on Y,(z) stands for
Y, (z,1). Note that setting z; = f¥(Y,()), by construction, x} = z,. Observe
moreover that

(B.1) 0uYn = (f2) (2) 1 d(me FT) = %

where we have used the notations introduced in equation (A.2). Recalling (A)
and by the cone condition we have

n—1 ,
(B.2) e C#eEN H 0o f (x, On) < ’ (1 _(?f;;n)vn Ou f (1, Ok)

AT A

Next, we want to estimate to which degree xj shadows the true trajectory.

n—1
< eCHEN H 6a:f(37k,9k)

LEMMA B.1. There exists C > 0 such that, for each k <n < Ce™ 2 we have
||9k — 6‘*” S C#Ek
|z — x| < Cuek.

28The Tmplicit Function Theorem allows to define Yy, (z, s) in a neighborhood of s = 0; in fact
we claim that this neighborhood necessarily contains [0, 1]. Otherwise, there would exist § € (0, 1)
and Z so that Yy, is defined at (Z, 5) but not at (Z, s) with s > 5. We then could apply the Implicit
Function Theorem at the point (Z,Yn(Z,3),5) and obtain, by uniqueness, an extension of the
previous function Y, to a larger neighborhood of s = 0, which contradicts our assumption.
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PROOF. Observe that

thus [|0, — 6*|| < Cyek. Accordingly, let us set® &k = xf — x; then, by the mean
value theorem,

|€k41] = |0z - &+ Oaf - (6 — 67)|

> )\|§k:| - C#Ek.
Since, by definition, &, = 0, we can proceed by backward induction, which yields
n—1
el < AT Cyej <C#EZ)\ I(j+ k) < Cyek. O
ji=k j=0

LEMMA B.2. There exists C > 0 such that, for each n < Ca_%,
(B.3) e~ < |Y)| < e
In particular, Yy, is invertible with uniformly bounded derivative.

PROOF. Let us prove the upper bound, the lower bound being similar. By

equations (B, (B:2) and Lemma [B.] we have

n—1 " n—1
|Yé| < ec#anezkzo In 8y f(xk,0k)—1n fl(z}) < eCHen el >hso ek_ 0

Appendix C. Martingales, operators and Itd’s calculus

Suppose that £; € L(C" (R4, R),C°(R%, R)), t € R, is a one parameter family of
bounded linear operators that depends continuously on tBY Also suppose that P is
a measure on C°([0,T],R%) and let F; be the o-algebra generated by the variables

}s<t.

LEMMA C.1. The two properties below are equivalent:

(1) For all A € CY(R¥1 R), such that, for allt € R, A(t,-) € C"(R%,R), and
for all times s,t € [0,T],s < t, the function g(t) = E(A(¢t,z(t)) | Fs) is
differentiable and g'(t) = (atA( z(t)) + L A(t, 2(t)) | .7:)

(2) For all A € C"(R%,R), M(t) = A(z(t)) — A(2(0)) — fo LsA(z(s))ds is a
martingale with respect to Fy.

PROOF. Let us start with (1) = (2). Let us fix t € [0, T'], then for each s € [0, ]
let us define the random variables B(s) by

B(s,z) = A(2(t)) — A(z(s)) — / L A(z(T))dr

29Here, as we already done before, we are using the fact that we can lift T! to the universal
covering R.

30Here C” are thought as Banach spaces, hence consist of bounded functions. A more general
setting can be discussed by introducing the concept of a local martingale.

31 At this point the reader is supposed to be familiar with the intended meaning: for all

9 € CO([0,T),RY), [2(8)](?) = 2(9, 5) = I(s).
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Clearly, for each z € C°, B

is continuous in s, and B(t, z) = 0. Hence, for all
€ (s,t], by Fubini we hav‘

d d d [
FEB(r) | 7)) =~ E(AG) | ) = - [ B AGE) | Fdr
B(—L-A(2(7)) + L A(2(7)) | Fo) =
Thus, since B is bounded, by Lebesgue dominated convergence theorem, we have

0=E(B() | F) = lim E(B(r) | ) = E(B(s) | F.).

This implies
E(M(t) | Fs) = E(B(s) | Fs) + M(s) = M(s)
as required.
Next, let us check (2) = (1). For each h > 0 we have

E(A(t + h,2(t + 1) =A(t 2(8)) | Fo) = E(QA) (L 2(t + 1)) | Fo) b+ o(h)

t+h
+E (M(t Y h) — M(t) + / LoA(t, 2(r))dr | ]—"S> .

Since M is a martingale E (M (t 4+ h) — M(¢t) | Fs) = 0. The lemma follows by
Lebesgue dominated convergence theorem. O

The above is rather general, to say more it is necessary to specify other prop-
erties of the family of operators L4. A case of particular interest arises for second
order differential operators like (Z.2)). Namely, suppose that

d

(£.A)) = Y alz,8):0: AG) + 5 3 [07(2, 50,0, AC2),
i i,j=1
where, for simplicity, we assume a,c to be smooth and bounded and o;; = 0y;.
Clearly, (T2) is a special case of the above. In such a case it turns out that it
can be established a strict connection between L and the Stochastic Differential
Equation

(C.1) dz = adt + odB

where B is the standard Brownian motion. The solution of (CI)) can be defined
in various way. One possibility is to define it as the solution of the Martingale
problem [I3], another is to use stochastic integrals [I5] Theorem 6.1]. The latter,
more traditional, approach leads to It6’s formula that reads, for each bounded
continuous function A of ¢ and z, [15] page 91],

A(z(t),t)—A(z(O),O):/ 9. A(2(s) ds+/ Z $):0., A(2(s), s)ds
/Za 5)0.,0., A(2(s), s)ds
> / 73j (2(5), 5)0=, A(2(5), 5) dBis)

32If uncomfortable about applying Fubini to conditional expectations, then have a look at
[15, Theorem 4.7].
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where the last is a stochastic integral |15, Theorem 5.3]. This formula is often
written in the more impressionistic form

dA = 9, Adt + ad, Adt + 00.AdB + %a%ﬁAdt = 0,Adt + 00, AdB + L, Adt.

Taking the expectation with respect to E(- | Fs) we obtain exactly condition (1) of
Lemma [CT] hence we have that the solution satisfies the Martingale problem.

REMARK C.2. Note that, if one defines the solution of (CIl) as the solution
of the associated Martingale problem, then one can dispense from Ito’s calculus
altogether. This is an important observation in our present context in which the
fluctuations come form a deterministic problem rather than from a Brownian mo-
tion and hence a direct application of 1to’s formula is not possible.
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