RANDOM WALK IN DETERMINISTICALLY CHANGING
ENVIRONMENT

DMITRY DOLGOPYAT AND CARLANGELO LIVERANI

ABSTRACT. We consider a random walk with transition probabilities weakly
dependent on an environment with a deterministic, but strongly chaotic, evo-
lution. We prove that for almost all initial conditions of the environment the
walk satisfies the CLT.

1. INTRODUCTION

The continuing interest in the limit properties of random walks has generated a
remarkable amount of literature (see [12, [I3] for a review of the field). In particular,
many papers have addressed the case of random walks in dynamical environments.
Apart from few papers in which special hypotheses are imposed on the form of the
transition probabilities (implying that the process is reversible with respect to the
stationary measure of the environment, see [I0]) the authors have usually investi-
gated the case in which the evolution of the environment is described by a Markov
process with positive transition probabilities and the transition probabilities of the
walk are close to constant (see, e.g., [4, 2] and references therein). While such a
situation has recently been settled in great generality ([5]) the case of more complex
local dynamics and/or far from constant transition probabilities is still wide open.

In this paper we address the first issue establishing conditions under which the
CLT holds for a deterministic local evolution with strong chaotic properties. Such
a CLT is established for almost all the initial conditions of the environment with
respect to a (natural) stationary measure (this is commonly called a quenched CLT).

The deterministic dynamics is taken to be independent at each site (although our
method can be easily extended to weakly interacting cases (cf. [8,[5])). The single
site dynamics is a piecewise expanding one dimensional map. While multidimen-
sional expanding dynamics could be treated similarly the case of Anosov map poses
a real problem. Indeed the technique used to control the environment dynamics
is borrowed from the study of coupled map lattices (more precisely from [9]) and
the extension of such a technique to coupled Anosov systems is still missing. In
general, the extension to more general dynamics (with substantially weaker ergodic
properties) would be of interest, but to obtain results in this direction new ideas
seem to be needed.

Note that the present strategy differs, in its probabilistic part, from the one
used in [5]. In particular, it is not needed to prove the absolutely continuity of the
invariant measure of the environment as seen from the particle with respect to the
invariant measure of the environment in a fixed reference frame. We hope that this
simplification may be helpful in treating more general cases.

The second author wishes to thank Penn State University where he was visiting during part
of this work. We thank the anonymous referees for a very thorough and helpful job.
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The plan of the paper is the following. In section[2]the system under investigation
is explained in detail and the main result of the paper is precisely stated. This
main result (Theorem follows after estimating the asymptotic independence of
two random walks in the same environment (Lemma . In Section (3| we study
ergodic properties of the environment. Section [4] contains the proof of the annealed
(averaged) invariance principle. In section [5| the proof of Lemma [2.§] is reduced to
an estimate on the number of close encounters (Lemma . Lemma is proven
in Section

Convention 1.1. In this paper we will use C' to designate a generic constant de-
pending only on the quantities appearing in the Assumptions [}, [ [ [ below. We
will use instead Cop. ... for constants depending also from the parameters a,b,c, . ...
Consequently the actual numerical value of such constants may vary from one oc-
currence to the next. On the contrary we will use C1,Cs, . .., to designate constants
whose value is fixed through the paper.

2. MODEL AND RESULTS

Let I = [0,1] and T : I — I be a piecewise C? topologically mixing map such
that |D,T| > XA > 2 for each x € T for which the derivative is well defined. Then
I2% = © is the space of environment (it is a measurable space with the product
(Borel) o-algebra 7) and 6 € © is an environment on Z¢. This environment evolves
deterministically according to a map F' : © — ©.

Assumption 1 (Environment Dynamics). For each 6 € ©
(F'(0))q :=T(0y)-
That is, the evolution is independent at each siteH

The evolution of the environment can be thus seen as a deterministic Markov
process on the space ON =: Q such that, for all (6"),cy := 0 € Q, 67 := F*(§°). If
Ho is the unique absolutely continuous invariant measure of T'f| then p® := ®,czap0
is the natural invariant measure for F' we are interested in. In fact, it is possible
to show ([9]) that it is the only invariant measure in a reasonably large class of
measures; see the precise statement below.

We consider a bounded increment random walk X, in such an environment.
More precisely, let A := {z € Z¢ : ||z|| < Co} and A,, = X,,41 — X,,, then the
process is defined by the transition probabilities

(2.1) P({A, =2} | X,,,0%) = 7. (r%"6™)

where 7, = 0 for all z & A, 7,(6) depends only on {6,},en, and, for each z € Z¢,
(7%6); := 0;4.. We will be interested in the measure P, on Q x (Z%)N determined
by the above process when the environment is started with the measure v and the
walk starts from zero. We will use the notation P¢ for P,.. Finally, we will use E
for the expectation with respect to the latter measure and [E, for the expectations
with respect to the process P,,.

Assumption 2 (Regularity). The functions {m.}.ca belong to Ct.

IThe case of weakly coupled maps can be treated similarly by using the techniques introduced
in [9] and used here to study the present, simpler, case.

2For the existence and uniqueness (among measures absolutely continuous w.r.t. Lebesgue)
see [1].
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The next assumption depends on a parameter £ > 0.

Assumption 3 (Perturbative regime). There exists {a.}.cx CRy, > cpa. =1,
such that
I, — a.ller < ase.

In the following, when we will say “assumption [3] holds for €;” we will mean that
it holds with ¢ = ¢;. The values &; will be taken small enough for Theorem [2.2]
Proposition Lemma [2.5] and Lemma [3.5] to hold.

Assumption 4 (Ellipticity). For eachl € Z%\ {0}, # 1.

Z 7.[.zei<l,z)
zEN

It is well known that to study the properties of X, it is convenient to study the
process of the environment as seen from the particle. In fact, such a process can be
considered in several fashions of which the following will be relevant in the sequel.

2.1. Process of the environment as seen from the particle. Consider the
process w =: (W")peny € ) described by the action of the Markov operator S :
L>*(©) — L>(0) defined by

(2.2) Sfw) =Y m(w)foF(r*w) =Y S.f.

zEN z€EA

Remark 2.1. It is easy to verify that the process w, w® = 8, has the same distri-
bution as the process (TX70"),en, 0° = 0.

We can then consider the measure P, on  of the associated Markov process
started with a measure v.

In analogy with the techniques used in the study of coupled map lattices [9] it
is then natural to restrict the space of measures on which S’ actsﬂ To this end we
start by defining the following norms

lul:== sup  u(p)
|<P|c0(@~]]g)§1

[ul :==sup  sup  u(Jp, )
1€ZY |plco (g r) <1

(2.3)

We then consider the Banach space of complex valued measureﬂ
(2.4) Bi={jeM®) : |lul < oc}.

It is easy to check that such measures have finite dimensional marginals absolutely
continuous w.r.t. Lebesgue and the density are functions of bounded variations
with variations bounded by the norm of the measure, moreover p¢ is the unique
invariant measure for F' belonging to B, [9].

Theorem 2.2. For each dynamics F satisfying assumption[1] and transition prob-
abilities satisfying assumption@ the operator S’, is a bounded operator on B. In
addition, there exists g > 0, depending on F, such that if assumption[3 holds for
€0, then there exists a unique invariant probability measure p* € B (S'u™ = p™).
This measure enjoys the following properties: There exists n € (0,1) such that for
each v € B and local functions p,¢ € C° each depending only on L variables with
the two sets of dependency having distance at least M

3As usual the dual operator S’ is defined as S'v(f) = v(Sf) for all f € CO.
‘By M(©) we designate the set of complex valued finite Borel measures on ©.
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(1) 1(579) ~ p (@)w(1)] < CLi"lg]c |1
(2) 11 (9) — (@) (9)] < CLN20 [@log|loo-
The proof of the above theorem can be found in Section

Remark 2.3. Theorem implies that the process P, is o stationary (and er-
godic) process.

2.2. Annealed statistical properties.

Proposition 2.4. For each dynamics F satisfying assumption [1| and transition
probabilities satisfying assumption@ if assumption@ is satisfied for eg (where g9 >
0 is as in Theorem , then there exists a vector v € R* and a matriz ¥2 > 0
such that, for each probability measure v € B we have

%]EV(XN) .
XN — N

Wi =N (0,£%) under P,.

Moreover there exists C1 > 0 such that, setting Xy = Xy — uN, the following
inequality holds, for all N € N and t € R? such that N > Cy and ||t| < Ns,

3 (eﬁ@,fm)) _ 3 (t3%)

Finally, if Assumption@ is also satisfied, then ¥ > 0.

1
< CL+ [Nl

Proof. Let us start noticing that

N-1
1 1
SE (Xn) = + kzo E,(Ay) = Z E, (B, (A | Fi)),
where F, := 0{0°, X1,..., Xx}. The relevance of the process as seen from the

particle is due to the following fact:

(2.5) v(Ag | Fr) = Z 27 (T5+0%) = Z 27, (W) = g(Wh).

zEA zEA
Thus
N-1 N-1
1 1 1
v (Xn) = > vlgw")) = N [(
k=0 k=0
Accordingly, Theorem [2.2] implies
. 1
(2.6) A By (Xn) = 1(g) =t v,

To prove the CLT let A,, = Xn+1 — X,,, then
E, (er@ XN)) —E, (er@ X VE, (ej—‘ﬁ@,AN_r@ }]"N_1)>-

Since _
E, (e%ﬁ“’“*“ |]—"k) 3w (rXrgh)evE B
zEN
it is natural to introduce the operators, for all t € C¢,
(2.7) Meh(0) =Y m.(0)e* " h(r = el h,

zEA zEA
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Then,
By (772 | ) = (Mg, ) (7409),

and the reader can then check, by induction, the formula

i

(2.8) E, (eﬁ“vm) = v(MY, ).

The operator M acting on the space B is an analytic perturbation of the operator
S’ = M. Unfortunately, S’ does not have a nice spectrum on B, so in order to apply
usual perturbation theory, it is necessary to lift the dynamics to an appropriate
space in the spirit of [3]. We do so in section where we prove the following
result.

Lemma 2.5. Under the assumptions of Theorem [2.3 there exists Co > 0 and a
function oy analytic near {||t| < Ca} such that for each n € N, probability measure
v € B and local function f depending on L variables we have

W(ME )] < CLlaf || flollvl
v(M{1) = ai (1 + O(vI) + O™ [[v)-

Moreover ag = 1, &g = 0 and &g > 0 (the “dot” stands for the derivatives with
respect to t).

Using Lemma and setting %2 := éy, we have
_1
vIM, wD) = o), (L + OUN T2 |[v]l) + O™ [lv]).

We can finally compute, for ||t]] < CN 5 and N large enough
(X 12l
E, (em< N>) ag/WJro(\/NHyH

(1_2§V<t,22t>+0(t||3N_g))N+O<1+”t|||”H>

VN
Y 14 |t
_ - BP0 N D) +@( + ] |V||) ,
VN
from which Proposition [2.4] follows. O

Next, we need a large deviations estimate.

Lemma 2.6. Under the assumptions of Theorem[2.3 there exists ag > 0 such that
for each v € B, n,m € N and a € (0,aq) the following holds true

P, ({ ] G = )

Proof. Again this large deviation result can be obtained by perturbation theory of
the operator S’. Indeed, for each w € R?, |w| =1 and t € R,

1 ~ ~ ~ -
Pu <{<w7Xn+m _ Xn> > a}) < ]Ey (et(<w,Xn+men)*am))
m

— () (M L).

tw

> a}) < Ce O (]| +1).

SIf |1¢)| > CN the last statement of Propositionis obvious: the left hand side is < 2.
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Since by Theorem sup,en |(S)"v]] < C|lv|, we can apply Lemma and
obtain, for t < Cj,

1 - .
P, ({0 Ko = Xo) 2 af ) < Ceomagi 0+ Clllvl) + O]
12 "
< cetom (145 w50+ O) ) (1+ vl + Co o]
7nt2 3
< C«eftaerT(w,EQw)JrO(m\tP)(1 + ||l/||) +C’I7m||I/H.

Finally, choosing ¢ = 7 and ag so small that the term O(¢3) is small with

—a_
w,X2w)

2
aq ag _ﬁ:OT
respect to SwsTa) wsw) < (Cyand e 2w=%w) >p

Py <{;<w75<n+m - Xn) 2 }> < Ce=Cm(1 1 |v]).

We then conclude by noticing that the above estimate for all the w in the set
{+e;}4 |, where {e;}¢_, is the standard base of R?, implies the Lemma. O

2.3. Main result: Quenched C.L.T. Let Py be the measure P¢ conditioned to

starting the environment in the configuration §. We will use Ey for the expectation
with respect to Py.

Theorem 2.7. For each dynamics F satisfying assumption[1] and transition prob-
abilities satisfying assumptions @ and 4}, if assumption @ is satisfied for €1 (where
gg > €1 > 0 is as in Lemma , then (using the same notations as in Proposition
, for p¢ almost all 6 € © the following holds

(a) XN —v Pyas;

(b) % = N (0,%2) under Py.

Proof. Lemma implies the bound P¢({|{N"'Xy — v| > ¢}) < Ce C=*N; (a)
follows then by applying Borel-Cantelli.

To prove (b) let « € (0,1) be a number to be specified later. Combining Lemma
[2.6] and Borel-Cantelli Lemma we see that for any ¢ > 0, P¢-almost surely for any
kand 0 < j < 20-9% we have

(29) max Xm - X2k+j2ak

mE[2k 4520k 2k 4 (j+1)29F]
By Fubini Theorem for almost every 6 holds Py almost surely. Therefore it
is enough to prove the convergence along the subsequence n;;, = 2k 4 j2°F where
0 S] < 2(17&)]{).
To conclude it suffices to prove that there exists § > 0 and b € N such that
for each smooth function ¢ : R* — R compactly supported in a box of size L the
following inequality holds

2100 B ([l EXw) - Exasn ()] ) < Culelann .

<Oy X2(%+5)k

where Epr(o,52) is the expectation with respect to the Gaussian measure N (0, »2).

Indeed, denote
€ = E KXoy
jk 0¥ 7\/@ .
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Then (2.10) and Chebyshev inequality imply

(2.11) P ({|& — Eno,52)(9)] > €}) < Crlplere2n;

Hence, by finally choosing a such that o+ 3 > 1, &x — Exro,x2)(¢) almost surely.
Next, choose a family ¢,, which is dense in CJ(R?). Then, for almost every 6, we

have
E o)) By ()
m - 2 m
0P \/@ N(0,52)\P

for all m. Then, for any such 6

Eo (SD <ank>> — Enro,52) ()
VTjk

for any continuous compactly supported ¢ proving (b).

The result is then proved provided is true. It turns out that can
be conveniently interpreted in terms of two independent walks X, Yy in the same
environment. In fact, calling E? the expectation with respect to such a process it
follows

E (\EW(N%XN» - EN(O,22><w>\2) = E2(o(N 3 K)o (N H¥y))

— 2E(p(N~ 2 Xn))En(0.52)(¢) + Enr(o.52) ()
=E2(p(N"2Xn)p(N"2Yn)) — Eno.52) ()2 + O(L gl cass N7P).

where we have used the quantitative estimate in the Proposition [2.4I["
We have thus reduced the proof of the theorem to proving the following.

Lemma 2.8.
[E2(p(N~ Xn)o(N V) — Ewo.m (#)?] < Cligller N7,

Lemma [2:§ is proved in Section [ O

3. PROOFS: ENVIRONMENT

In this section we establish all the needed properties of the environment dynam-
ics. The basic idea is to prove that the environment enjoys very strong mixing
properties. Our first aim is to prove Theorem [2.2 that is exponential decay of
space-time correlations.

Note that S1 =1, hence

(3.1) |Sul < |ul,

61f ¢ is the Fourier transform of ¢, then Proposition yields, for each p < é and b € N,

_1l 5 N 1.
[E(e(N "2 X)) ~ Exo,52)(9)]| < C ¢(t)ldt + C 1PN =2 (0]t
it =nNe lleI<nNe
<0Llples [ el o+ OLYplleoNTE [ el s,
|z|>Ne 2| <NP

which gives the advertised result provided b > d and p is chosen small enough.



8 DMITRY DOLGOPYAT AND CARLANGELO LIVERANI

that is S is a contraction in the |- | norm. In addition, it is possible to prove
(although we will not use it here) that there exists A, B > 0 and o € (2A™1, 1) such
that, for each n € Nand p e B

1(S) || < Aa™||ul| + Blpul.

For finitely many sites the above estimate would suffice to prove that the operator
S’ is quasi-compact and this, together with the topologically mixing assumption,
would imply the existence of a spectral gap. Unfortunately, such a proof is based
on the compactness of the unit ball {¢x € B : ||u|| < 1} in the topology of the | - |
norm which fails when one considers infinitely many sites.

The obvious idea is to use explicitly the fact that the dynamics in different sites
are independent, hence the system has a product structure, yet this is a subtle
issue. To understand better the situation, let us recall few fact about the single site
systems. At each site we have the dynamical system (I = [0,1],T). Let us consider
the norm in M(I) given by

[vllo= sup pu(y),
[plco<1

where ¢’ is the derivative of ». The Banach space B = {v € M : |[v]jp < oo}
consists of measures absolutely continuous with respect to the Lebesgue measure
my. In addition, if dv = hdm,, then the density h is a function of bounded
variation and |h|gy = ||1/||E| By a change of variable one can compute that, if
dv = hdmg, then d(T"v) = (Lh)dm,, where the operator £ is defined as

Lh(z)= Y [DyT| 'h(y).

yeT 1 ()

The operator L is often called the Ruelle-Perron-Frobenious transfer operator. It
is well known that, if T is topologically mixing, then the operator L, acting on
BV has 1 as a simple eigenvalue (corresponding to the unique invariant measure
absolutely continuous with respect to Lebesgue) and enjoys a spectral gap, that
is there exists 79 € (0,1) such that the rest of the spectrum is strictly contained
in a disk of radius 7y (see, e.g., [I] for details). Clearly the above implies that 7"
has a spectral gap when acting on B. Unfortunately, it turns out that the tensor
products of B is a too small a space to be really useful for our purposesﬂ This is the
reason why we have introduced the spaces B which is a generalization of measures
with density of bounded variations to the infinite dimensional setting. Yet on such
a space S’ does not behave very well and we will use an abstract covering space on
which the dynamics will exhibit a spectral gap.

More precisely, we would like to introduce a Banach space B and two (possibly
only partially defined) maps ¥ : B — B and Pr : B — B and an operator S : B — B
such that the dynamics of the latter covers the dynamics of S’ as illustrated by the

See for the definition of B.

8The equality of the norms follows from the usual weak definition of BV, the fact that the
measures must be absolutely continuos can be easily proved by approximating a measure with
finite norm by one with a smooth density (just use a mollifier) and remembering that the unit
ball of BV is compact in L!. See [§] for more details.

9The problem is already present for two sites since BV (I) ® BV (I) # BV (I2).
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following commutative diagram

gn
_

(3.2) v

S —
& — T
3

—
(s

We will first define the space B and the map S. Then we will prove Theorem by
proving that S has a spectral gap on B. Next we will obtain others, more refined,
results by using the same strategy (albeit applied to different operators).

3.1. Covering dynamics. First we define the above mentioned abstract space.
Let B := C x [x,ezaB,] where

B, :={p€B:u(p) =0y ecC’O) that do not depend on 6, }.
The vector space B is a Banach space when equipped with the norm

el == sup{lesl, lpl| = p € 27} .

Here we use the notational convention that an element g € B has components
cu € Cand i := (), with g, € B,

Next we define a projection Pr : D C B — B and a map ¥ : B — B allowing to
transfer objects between the two spaces.

Let usx € B be a fixed probability measure on I then m = ®gzap, is a product
probability measure on ©. For each g = (c,, (1p)p) € B and local function f we
define

(3.3) Pru(f) = cum(f)+ Y mp(f),

peL?
which makes clear in which sense B “covers” B ( or M(©)).

Remark 3.1. Note that, although Pr p(f) is well defined on each local function,
Pr p is not necessarily a measure. Let By C B be such that the elements of Pr By
give rise to bounded linear functionals on the space of local functions, and hence
identify uniquely a measureH We will call such a measure Pr .

The choice of the map W is quite arbitrary, we will fix a convenient one. Consider
a strict total ordering < of Z¢ such that 0 < p for each p € Z?\ {0} and the sets
{q : q < p} are finite for each p € ZdH

Let ¢, be the successor of ¢ (that is, ¢ < ¢4 and there are no ¢’ € Z? such that
q¢ < ¢ < qy). For each ¢ € Z we can then consider the o-algebra ]—'3 determined
by all the variables 6, with ¢ < ¢, hence F{ is the complete o-algebra. Next, for
each f € C°(©) and ¢ € Z4, define the operator J,f = m(f | FO)—m(f | .7-'[(1)+).

Opor example, if vp, V;J (p € Z?) are probability measures on © such that vp = 1/1’, for all p # q,
and we set v 1= ®,,cyalp, V' 1= ®pcgalyp, then v — ' € By.

Hgince the local functions are dense in the continuous ones by the Stone-Weierstrass theorem.

L2por example, one can start from zero and spiral out on larger and larger cubical shells.
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For each local function f we can writd"

f=m(f)+ Y Jolf)

q€zs
Accordingly, for each p € B we define 14(f) := J,u(f) € By, and the lift
U(p) = (u(1), (Jgr)q) -
Note that ¥ is a bounded operator. Indeed if ¢ < p, then
| Tg(90,0)| < |1l [74(0a, %)l < 2lpl |1l [0]oc-
If ¢ > p, then
| 75106, )| < 111(0, Jo)| < llpll | Tq(@)loc < 2l ull |]oo-

Finally, for ¢ = p, we have [J;u(0p, )| < ([u] [« + [[1e]])[plo- In other words
there exists C3 > 0, depending on the choice of ., such that

(3-4) 1T < Cs|liull-
Clearly, U(B) C D and for each p € B it holds true
Pr(¥(p)) = p.

Now that we know how to lift measures, we can address the dynamics.
For all z € Z%, 7%u,(p) := py(p o 72) = 0 if  does not depend on 6,_,. Thus

we can define the decomposition for 7% via the decomposition i, = Jyp of p:
= Y = Y
qeZ4 qeZ4

Setting Ay = U.eaT™ *A, we can define the covering dynamics Su by (Cus Sii+ ECM)
where ( := (¢;) with {, := J;8'm =: J;¢ and

59 Sy { oo S+ Saen, een fySliacs Tor cach p
P\ een Alttp—z + Ygen, osen JpSittq-=  for each p € Ay,

where S, f(w) := 7, (w)fo For*(w), A, f(w) :=a,foFor*(w) and S, := S, — A,.
It is easy to check the following.

Lemma 3.2. The operator S is well defined as a bounded operator from B to B.
For each p € B and continuous local function f we have Pr(Sp)(f) = Pr(w)(Sf)
which implies that for each n € N and u € B we have PrS"¥pu = S"'p

We have thus established a setting in which the commutative diagram ([3.2)) holds
true.

13As f is local there exists a box Ax C © such that f depends only from the variables
0, : q € Ay}, but this means that the sum consists only of finitely many terms.
q Yy Yy Yy
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3.2. Mixing properties of the environment. We have now the necessary ma-
chinery to deal with the statistical properties of the environment.

Proof of Theorem . Let us first discuss the environment dynamics F'. Its
basic properties are described by the so called Lasota-Yorke inequalities asserting
that there exists B > 0 such that, for all n € NB

[F'ul < |l
ICE)" ] < @A™ |l + Bll.
Note that the above implies that {||(F’)"u||}nen is bounded.

(3.6)

Lemma 3.3. There exists 1. € (0o, 1) such that, for each p € Z¢, i € By,
ICE")" pgll < Cn ||l

Proof. For each local function ¢ € C° we can define ey, (&) = ©(6™¢), where
0% = T"0, for each p # q while "¢ = ¢,

) o) = (20, [ 0y (€) — Buleh. e

1
< lal - \ [ ewan© -0, <£>d§]

< Clall [£"x10,0,1 = Oall gy 101o0 < CllAIING 1],

by the spectral gap of £ and the fact that mc(xo,6,] — 04) = 0, i.e. it is a zero
average function. Then, by the Lasota-Yorke inequality,

1Y ugll < @A IE) gl + BIE") gl
< @AY (@AY lgll + Blul] + BCng |||l
< (@4 @AY B+ BOug] llugll-
The result follows by optimizing the choice of j + k = n. O
Lemma 3.4. Multiplication by a C' local function is a bounded operator on B.

Proof. For any smooth local functions ¢, @, |¢|s < 1 we have

v (a&. /0 Gi(w&w)) /0 " gon

M The first is trivial since |F/ ()| = |pu(p o F)| < || |¢]oo. For the second, given any smooth
local function @, let @ (€) := (6%), where 65 = T0,, for each p # g while 65 = €. Next introduce
a function ¢, piecewise linear in the variable 0q such that ¢g_ (0p) — ¢(0) = 0 for each 0), on the

< vl

3.7 w(o-9,¢)| =

< 3[lvl [oler-

d

discontinuity values of T'. By construction ¢ (T0p) — ¢(F'0) is then a Lipschitz function in 6;,
thus

|F" 1(Ba, 0| = |1((Ba, (¢ — ) © F)| + |1l |96, 8loo < |1(a, (Do, TI™" (¢ — &) 0 F)| + Clpul |plow
< 1kl 1Do, TI™ (¢ = ¢) © Floo + Clulleloo < [2A7 |ull + Clul] [¢]oe-

The above yields ||F’u| < 2A71|u|| + C|u| which iterated yields the wanted result with B =
(1 —=2Xx"1)71C. See [1} ] if more details are needed.
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To use the above facts, it is convenient to introduce a more compact notation for
the pieces that make up the operator S. Let 14 : Z% — {0, 1} be the characteristic
function of the set A C Z%. Then define the operators K, ,,, : B — B by

K. pqo:=1yy(q+2)AL and K, g1 = Lac(p)lipy(g + Z)S; + 1, (g + Z)JIIJS’;
With this notation (3.5 can be rewritten as

(Sp)p = Z Z Z K. pq.otq-
z€AN 0€{0,1} qe€Zd
Hence, iterating,
(3-8) (Snﬂ)qo = Z Z Z K217q07q1701 "'Kzn,qn_l,qn,crnﬂqn»
215,20 €A 0'17--470'716{0)1} ‘117---7‘1n€Zd

By Assumption (3] Lemma Lemma and the inequalities (3.6]) follows that
there exists a constant Cy > 0, depending only on F' and 7, such that 3 || K p,¢,144] <
Cyea, ||l and

> 1K gm0 Keygn e 0kia. |l < Caaz, - az 0l il
q1e-,qn €LY

Accordingly, if C%¢ + 7. < 1, then there exists n, € N and n € (1.,1) such that
Cy(ne + C3e)™ < ™ < 1. This means that every 21, ..., z,, term in (3.8) will be
smaller than n™*a., - --a.,_|/f|, hence for all n € N,

(3.9) I(S™R)|| < Cam™ ™™

| -

Since S"p = (¢, S™ i + ¢, 22;11 S*¢) and the series (. = > oo, S¥¢ converges by
(13.9), it follows that p® := (1, () is an invariant vector for S. In addition

(3.10) 18" — cup®|| < Cn" ||l

That is the operator S on B has one as a simple maximal eigenvalue and a spectral
gap. From this result we can obtain the decay of temporal correlation simply by
projecting down to B. Indeed, let p be a probability measure and ¢ be a smooth
local function depending only on the sites A C Z? and let L be the cardinality of

A, then, by Lemma and , ,
(g0 S™) = Pr(u*)(¢)| = [Pr(S"(¥(n) — pn"))(9)]

D (8™ (U (k) — 1))y (9)

geA

DS (W () = 1))l [Bloe < CL" (||l + C)[loc-

qeEA

(3.11)

IN

Thus, remembering (3.1), pu* € By, that is it gives rise to a bounded linear
functional on local functions. Accordingly, we can define the measure u* = Pr (u")
which will be invariant by S’. Equation gives then the temporal correlation
decay for such a measure.

To have the spatial decay of correlations note that if ¢ and ¢ are supported at
a distance M, then their support, under the dynamics, grows at most linearly in

time, thus it will take a time 2]‘6/{0 before the supports have a common variable.




RANDOM WALK IN DETERMINISTIC ENVIRONMENT 13

Accordingly, since p¢ depends on 2L variables, (3.11)) (applied repeatedly to the
product measure m) implies

1" (p9) = () M72m(pg) + O(L™ > o)
= m(SM/2 o) m(SM/20g) + O(Ln™/2? |p¢] o)

= 1 (9)u" (¢) + O(LnM/?%|p¢| ).
0

3.3. Perturbation Theory. In this section we prove Lemma [2.5
We deal with operators of the the type M, f := " S, (eft#=v) f) where t € C%.
The problem is to study the spectrum for small tE

Proof of Lemma [2.5. First of all we need to lift the operator to our covering
space. The obvious solution is to define M;pu by

cum(M1) + Yy el T, (S.1), Sufi+ ey

pEA zEA

where ¢ = ({g) := (J;M}m) and

] en eI g + Ypen, €TSS Y g & A,
3.12 S [l = zEA R
( ) ( tﬂ)q ZzeA e(t,z—v)Alzﬂqiz + EPGAl e<t’Z_U>JéS;,up,Z v qe A1~

zEN

A direct computation shows that, for each smooth local function ¢, Pr(M;u)(¢) =
Pr(p)(Myyp), thus the lift covers the dynamics. In addition, one can easily check
that My = S and that M, is analytic in tE Accordingly, standard perturbation
theory implies that there exists s, p,, analytic in ¢, such that My, = azp, with

w

ag =1, g = p".

We will normalize p, so that u, = (1, 7). Setting p: := Pr(p,), for each fixed
local function f, pu:(f) = Pr p,(f) is analytic in ¢ since the sum implicit in the right
hand side is just a finite sum|" ‘| However Lemma requires a more quantitative
information.

By the arguments of section (see ) it follows that Mg =S =11+ R
where IT? = II, IIR = RIT = 0 and [|R"|| < Cn", for all n € N. Thus by standard
perturbation theory (see [7]), My = oIl + R; where |ag — ax| < C||t|], [T — II]] <
Clltl, IRp|| < C, with me <+ Cllt]l. Hence, M| < Clag|" + Crt and, for
each local function function f depending only on L variables

IMiv(f)] = [Pr(MEW (1)) (f)] < LI f oo [MF ¥ ()| < Clag|*[[V[| L] f]oo

15This problem is already well investigated, see in particular [3], here we treat it in detail only
because we need some explicit estimates not readily available in the literature.
16For the first assertion note that

Z ZHP*Z(S'zl): Z ZMP*Z(SZUZ Z Zﬂp(szl): Z pp(S1) = 0.

pEAL zEA pezd zEA peZd zEA peZd

For the latter just write it as power series of t.

7Note that 1t is not necessarily a measure and gives rise to an analytic object only when
applied to a local function. We will abuse notations by writing /i to mean the functional on local
functions defined by Pr (%ut)(go).
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provided that |a;| > 1, which holds for all ||¢t|| < B for some B > 0. This proves
the first inequality of Lemma [2.5
To prove the second note that ;v = £, (v)pu, with £y(v) = [v]o hencﬁ

Miv(1) = [MPE ()], = [af T (v) + O [v[D]o
= [ T ¥(¥)]y + O((n; + o' CO|[v[l) = o (1 + O(E|vI))) + O [[v]))-

Finally, to study the derivatives of a we use the relation p; (M) = azpi(p) for
any local smooth function ¢. Differentiating with respect to t yields

fuir (M) + e (Myp) = Gerpue(9) + arfie(p)
(B13)  jie(Mop) + 21 (Mp) + e (Mip) = Gopue(p) + 26ufie(9) + crjie()
fre(1) = fie(1) = 0,
Since M, =3, (2 —v)el*~) S, and M, = 3, (2 —v) ® (2 —v)eH*~ ") S, the
above equations, for t = 0 imply (substituting ¢ = 1)
do = p"(Mol) = p*(g —v) =0,

where ¢ is defined in (2.5) and we have used (2.6). Next, substituting in the first
of the (3.13)), ¢ = >_p_, S¥¢, for some local function ¢, we have

n—1 n—1
D> Mo (S*) = jio (1 = ) > 5*¢) = fio(¢) — Pr(S™ o) (9)-
k=0 k=0
By , taking the limit for n to infinity, we have
(3.14) fio(¢) = > Mou®(5*¢).
k=0

Finally, the second of the (3.13)), setting ¢ =1 and ¢t = 0, yieldﬁ

o =2 Z 1 (MoS" Mol) + i (Mo1)
(3.15) o
= 2ZEH“’ (An ® Ao) + E#w (AO X A()) .
n=0
Since M1 is a local function the sum is convergent. Hence
N .1 - < ~ x ~
Qo = 7}1_{1;0 -~ QkZ E v (Am+k ® Ak) +E, v (Ak ® Ak)
,m=0
o1 S 5
= lim 7Euw (Xn ®Xn> Z 0.

n—oo n

18Here we use the notation [1]o to designate the components ¢, of the vector v = (¢, 7).
19Remember that & = (ati({’tj at) is a d X d matrix.
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Finally, if there exists w € R? such that dow = 0, it means (from
Theorem i

;1 (3.15) and
) that there exists a constant C5 > 0 such that, for all n € NJ*Y
By ((0, Xa)2) < G55 B (|(w, X)?) < Cs
We can thus extract a subsequence {n;} such that (w, X,,.) converges weakly almost
surely to a random variable Z. Let ¢y = E

=E,(Z | Fo) and gu, = (w0, g
each Fy measurable smooth local function ¢,

—v), then, for
By (p(t) = S9)) = lim By (p(Xn, = Xny 1)) = lm w9 = 5% 50)
= 1 (¢guw);

where we have used Theorem Thus G
setting My = 0, and

= — Sy, pc-as.
Mn+1 - M

. This implies that,
n = (w, An> —E((w, An) | Fn) + w(wn+1)
= (w,An) + (") = ("),

M, is a P, stationary martingale. Moreover

— Sp(w")

(w, X,,) =

= M, — (W) + ().
From this it follows that

C 2 By (M, ) =

ZE )+ (W) — (W™)?)

= ZE W)+ 0P = (e P)
=(n-1) [Ew<|<w,A1> ) -

19(°) + SU(°))]
Thus Y, m|(w,z —v) + Yo Fo7?? = |3 m.((w,z —v) + 9o For?)|
(w,z—v) + Yo For? =gy + SY =1, p"-as

2, that is
Next, let a, = p*(7m.), then, > a, =1 and ) ( vy, = u*(gy) = 0
Hence,
ZaszFOTZ =1 pY-as
z
20The latter follows by Theorem Let 8 = 3 (w,z — v)?m., and G; = Y _(w,z —
v)S, (89 (w, g — v)), then

E( [(w, Xn)| ) Z“ (S*8) +
and |p®(S*B) — u¥ (D) < Cn*, |ue(S*G;) — n*(G )\
(w,z7v> e(S*S,p), for € in assumptlonsuch that(
andd @) I,

vk, 2 || < C. Hence Theorem [2.2]yields

C k
3¢)22

+\A HM\

Moreover, setting vy, Z(go) =

1 < 1 we have (by equation (3
e (S*GH <1 vk,=(87 (9 — )| < Cn?

[E (1w, Xa)l?) = B (G, %) )‘<czn Jrci:1 zj:ﬁj+ nf itn*

<C.
k=j+1
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Note that the operator Sqp = > a.p o F o7* defines a Markov process with
invariant measure p® and satisfies the hypothesis of Theorem Since ¥ =
Z;& SkG, + Smip, for each ¢ € L2 (u®),

n;—1
Jim (e > Sgw) = Jim By (6(w”)(w, Xn,)) = 1" (60).
k=0

In addition, assumption (3| implies that settingﬂ for each smooth local function ¢,
vn,o(p) = 1" (6S5e),

(14+e)"

|Vn,¢($0)‘ < mkj)‘muw(sn‘@') _ (1 +E)n

(1—¢)"
Thus v, ¢ is absolutely continuos with respect to u* with density p, 4 € L>(u").
Accordinglyﬁ

|Ploo s (lepl)-

nj—l

n"(¢y) = p(#S59) = lim > (6ShS*g.)
k=0

n—1 n;—1
= > [1(5% 501 (9) + O(Con™k*)] + lim >~ O(Cyn')
k=0 J Ookznl
n;—1
= u(S"Gu)u" (¢) + CoOm™ + " nf).
k=0

Taking first the limit for n — oo and the one [ — oo yields u® (¢p) = pu* (P)us ().
That is ¢ is p" almost surely constant. This implies that g, = 0 and hence
(w,z — vym, = 0, u* a.s.. This is equivalent to saying that the vectors in the
set {({e1,2),...,(€d,2)) t2ea U{(1,...,1)} are linearly dependent over R, but this
implies that they are linearly dependent over Z. In other words we can assume that
w € Z4. Finally, since 7, is smooth, we have (w, z) = (w,v) unless 7, = 0, which
contradicts Assumption O

3.4. Variation bounds for conditional measures. In the previous subsection
we obtained several results for random walks provided that we start the environment
in a measure with “density” of bounded variation. Here we show why such measures
constitute a natural class for the problem at hand. More precisely we shall show
that if we start with a nice measure and condition on a behavior of a walk during
an initial time interval we still have a good control on the variation of densities.

For future needs we consider two random walks (X;,Y;) evolving in the same
environment starting respectively at a,b € Z? and with the environment at time
zero distributed according to the measure v € B. Let P, , be the measure on
(© x Z2H)N associated to such a process and ]Ei,b’u the corresponding expectation
P2 .= IP’(Q),OW and E2 := Eg)oﬂj.

Let m € N and consider the o-algebra FY¥ = o{X,Y},..., X, Vi }. We
are interested in computing E2 ,  (f(X,Y,0™) | F3Y) for each local Fi¥ @ T-
measurable function f and probability measure v € B. Thus, we are interested in

2lIndeed, pv(r2) < az(1 +¢), thus m, > (1 —€)a, > (1 —e)(1 4+ ) Las.
#2Note that [B:6) imply [|Shull < 32, asl|F/ull < (20) " ||ull + Blul and |Sap| < |u|. Thus,
iterating, for each n € N, [|(SZ) ul| < C|ull-



RANDOM WALK IN DETERMINISTIC ENVIRONMENT 17
the measures v:X¥ defined by

a,b,v a,bm

B2, (f(X,Y.0m) | FXY) = / X, Y,0) v, (d6).
€]

Lemma 3.5. There exists Cg > 0 and 0 < &1 < g¢ such that, if assumption[3 is
satisfied for 1, then for each m € N, a,b € Z¢ and probability measure v € B the
following holds

el < Collvll-

a,bm

Proof. Given two random walks realizations X,Y : N — R? let us define the
operators

Sxy i f(0) := 7o, (T50) T, (77460) f 0 F(6),
where 2z, = X1 — Xg and wi, = Y41 — Y. With such a notation we can write
VXY _ SS(,Y,m—l T S;(,Y,OV
“P SN yame1 Sk v (1)
Recalling (3.7)) and the Lasota-Yorke inequality for the map F' (see (3.6])), and using
Assumption [3] we have
(3.16) I18% vevll < 22711 +e1)?v]|az, aw, + BSY ypv(1).

Hence, for g1 such that 2A71(1 4+ £1)2 < n(1 —e1)72 < 1 we can iterate the above
inequality and obtain

m—1

15% vt Sk yorl < 7™ (L —er)* " wll T asau,
k=0

m—1 m

+BY W(1l—e)?v(Sxyvo - Sxymo1-31) [] @z0w,

j=0 k=m—j
< [0l + (1 =n)""Blv(Sx,yo Sx,ym-11),
which proves the Lemma with Cg =1+ (1 — n)_lBﬁ O

1

4. ANNEALED INVARIANCE PRINCIPLE.

This section is devoted to proving an averaged invariance principle. This result
is used in Section [5] to prove Lemma [2.8]
Consider the process

(4.1) 2 = o { K+ O = [ND A}

Note that X'tN € CY([0,1],R%), by construction. In fact, Lemma implies higher
regularity.

Lemma 4.1. The family of processes {XN} c €°([0,1], RY) is tight.
Proof. Let s € (0,1/2),

L) sp MO =S

t,5€[0,1] |t —s|

and K§ := {f € C°([0,1],R%) : f(0) =0, Lc(f) < L}.

9

23Note that, for a probability measure, 1 = v(1) = v(0g,0:) < |V
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By Lemma [2.6]it follows that, for each N € N, ¢ € [0,1] and h € [-t,1 — ],
(42) P ({15, XN > Lhe}) < emor

In addition, if | XN|| + || Mpll < L7, then the set in is empty for all
h > L~'. Now the result follows in complete analogy with the usual proof of the
Holder continuity of the Brownian motion, based on applying the above estimates
to the dyadic rationals, yielding

({57 g1 <o
Since K§ are compact in C°([0,1],R9) the tightness follows. O

Lemma [£.1] also allows us to prove the invariance principle.

Lemma 4.2. For each probability measure v € B the process {XtN} converges in
law to the Brownian motion with diffusion matriz 2.

Proof. In view of Lemma[f.I] we only need to check the convergence of finite dimen-
sional distributions. We consider two dimensional distributions, the general case
being very similar. Accordingly, let t; < t5 and fix &1, &2. We have

E, (exp(ifer, X)) + 2, X)) = By (exp(iflés + €], X)) exp(ite, [XY - X)) =

E, (B (exp(i(ée, [X) = XVI)IFeum ) explifles + &1, X))
By Lemma and Proposition 2.4 we havd?]

B (explilee, (S5 ~ XXD)IFium) = exp (5 (6 220 - )1+ (1)

and so using Proposition [2.4] again we obtain

E, (exp(iles, X) + it X)) ~ e Hl@F @ttt P atein]

Thus, (th » Xt XN ) is asymptotically Gaussian with zero mean and the variance pre-

dicted by the Brownian Motion. O

241 fact, Lemma considers two walks, yet the corresponding result for one walk can be
obtained by integrating over the second walk. Moreover, for each smooth function f : R2¢ — R,

]Eu(f(ngthY) | Freiny) = Eu (]E(f(XtAgfanY) ‘ X[tl , 0! 1N]) | }-th])
_ ., X N YN Y t1 N
=% ey (BUCGEL X | Xy, 00)
=Eyn x (BN 0y, X5) | K0,69) =Exn ,x (PN, %)

ty’ X[t N[t N] t1’ X[, N[t V]

Proposition can then be applied after translating V){g[th] [41N] by f([th].
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5. PrROOFS: QUENCHED CLT VIA THE STUDY OF TWO RANDOM WALKS

The goal of this section is to establish Lemma [2.8

Lemma shows that the distributions of the processes (X7, V;N) are tight,
hence they have accumulation points. Our next task is to characterize such accu-
mulation points. Let us consider any accumulation point (X;’O,ﬁoo) We will see
that (Xt"o, Yt"o) is a centered Gaussian random variables with variance

(5.1) ¥3 = (202 202>

More precisely, if we define the second order differential operator Az; = j 2, j 0;0;
we have the following.

Proposition 5.1. For any 1 € C3(R x R? x R4 R) we have

d NI SN 1 PN
%IE?('I:ZJ(L Xfoa}/;oo)) = ]Eg(atw(thz?oa Yz-too) + iAEZw(thfoa Yz-foo))
More precisely, there exists 8 € (0, %) and ¥ € (206,1—28) such that, for all N € N

and t,h € [0,1] such that h > N"~1 we have

B2 (e X0 T00) = 000, X320 0 [0, R + Jasaw(e 8,7 )|
< C|¢lles(N“Ph + h? + N~3).
Thanks to the above Proposition for each ¢ € C3(R? x R?) we can define 1 by

O+ 5 As =0

(1, 2,y) = ¢(z,y)

and, by applying Proposition with the choice h = [N28]71, obtain the wanted
result:

(5.2)

E2(¢(X1N7 YlN)) = ]E2(¢(11 X{V7 }A/lN))
hlo1
= E($(0, X0, YoV ) + D EX@((0+ Dhy Xy Yion) — vk, X5, V)
=0
= E2(1(0,0,0)) + O[[¢oes N~7) = Epr(o,53)(#) + O(|¢lles N7 + N=2420),

where we have used the explicit solution of 1' Remembering the form of Y3
(see (5.1)), Lemma 2.8 and hence Theorem follow.

25Indeed7 equation (5.2)) is just the backward heat equation, thus for ¢t € (0,1)

1 _{eozy—w) Sy ez y—w))
ta,y) = 2050 \w) dz dw.
V) = T e (1 = 1) /Rme (2, w) dz dw
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Proof of Proposition . We start by the following Taylor expansion
E2(y(t + hy Xiln, th) = B2 (u(t, X}, V) = B0t X7, Y))h
+E2@0,0(t, X1, YY) - (XN - X)) + 0,0 XYY - (Y, - YY)
RN, — X 020 XN TN (R, - X))
+EH (VY = V) - dayo (e, XV, V) - (X, - X))

(5.3) +%E2((Yt+h N2, XN V) - (VA - YY)

1 A . -
+§E2(0p’m¢(taXthnN) (XN, — X )h
1 F
+ iEz(atyw(tanvviftN) (}/t-&-h YN))h

+0 (10710h + [llcs [EQIXNA — 1) + BATY, - 71%)] ) -

Next, we will analyze the terms in equation (|5.3) one by one.

First of all note that the remainders are of order h3 29 Let us start the estimates
with the term E(8,9 (¢, XN, V,N) - (thyi_h — X})). To this end we consider the o-
algebra FXY generated by {Xi,..., X, Y1,..., Y}, Setting § = g — v, £ =
[tN] 4+ 1 we can write

Lith
N 1 -
E(X{, - XM | FE) = N72 Y EAY | FXY)+O(N™
k=¢,

[

)

Lith
= N2 3T E((S*g) o r¥n | FXY) + O(NTE)
k—t,

Litn
= N Y[ (a3 ](§) + OV,
k=4,

where, by Lemma 5 [[(u9)2 Y| < C and hence |[(7X4) (u)Y|| < C. From
Theorem [2.2] and the fact that p*(g) = 0 it follows that

(5.4) E2(0,0(t, XN, YY) (XN, — X)) < ON72 [ en.
In complete analogy we have
(5.5) 20,0 (t, XN, V) - (WA, = V)| < ON7E|[]la.

The quadratic terms involving 0y, and 0y, are estimated in the same manner yield-
ing terms of order N_%hHchz. The quadratic terms involving only X or only Y

”)
oo 1 ~ _
<Ch% +C N%hp/ ZP~1P <{H7 X -X H 2x}) dx
p - TN (XT(t+n) N7 [¢+N1)

2 2 e —1_—Cz%hN 2
< Ch2 + CpN2hP , xP7 e dx < Cphz2.
(Nh) 2

26 1 fact Lemmaimplies, for each p € N, that

> P ~ ~
E(| X7}, — XV |[P) < N2hPE ( (Xre+mNT — X1eny)

[



RANDOM WALK IN DETERMINISTIC ENVIRONMENT 21

yield the following

(5.6)
B ((Xt+h XtN) (Xt+h XN) awlew) = (Zz)ijE2(awiij)h + 0O (W\/]L\ff)
EQ((Ythh - Y;SN) (Yt+h YN) 8%%1/}) = (EQ)ijE2(ayiyj¢)h + O (W\/%‘) -

Indeed, in analogy with what we have done before, we can condition with respect
to ]:jf ¥ and

(5.7)
1 [t+h,71
B>(X{, — X)X = X5 1 7)) = N D> EAH(AD)AD); | FEY)
k=t
liyn—1Fk—1 ~ ~ ~ ~
+ > EADIAYN); + A (AN, | FEY)
k={4y 1=,
Zt+h_1
+NTO 1+ YT BH(AY,, DAY + (AL, )i (AT [ B )
1=0+1

where the boundary terms of the type IEQ((Agf Di(A%); | FXY) have been esti-
mated as in . To estimate such an expression note that
EQ((Af)i(Af{)j | FEY) = (87X v (3,57 g)

Since Lemma and Theorem [2.2] imply [|(S7~% 7% ) Y| < C||pf|| and also
that [|g;(S7 %7 ft)'VZTYH < C|lps || we can apply Theorem

[E2(AX) (A, | FE)| =Y (877470 gy (31) + O(*7) = O 7)
(AKX, | fify )| =Y () (38" 51) + Ol 1)
=0 (355" gie) + O’ "),
Using such estimates in (5.7) and remembering formula (3.15)) (for dp = %2) the
p-0)

first equation of (5.6]) follows. The second equation of (5.6)) is proven in complete
analogy.
Finally, we must deal with the mixed quadratic term.

Litn
B2 = X0 = V) | F <N Y [BAANAY), | 7).
km=~0;—1
If [k —m| > Aln N, then, for A > Inn~!, by Lemmaand Theoremit follows
that

5 E2(AX)i(AY); | FXY)

(B2 = X (T, = V) | 7| = =

0+2AIn N<k<ly,p,
|m—k|<Aln N

+ O(N~7).
Next, suppose that [m — k| < Aln N and | Xx—amn — Ye—amn| > 4CoAIn N.
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Assume, to fix our ideas, that k < m then for all times [ such that [[—k| < Aln N
the two walks explore disjoint parts of the environment. Thus we can consider the
process started at time k — Aln N with the conditional measure (u€)XY,,  and
with the walks starting from a = Xg—amn,0=Yi—amn, [|la = b > 4CoAln N. If
we set f = SAMN7Xkg and h = S’”*“AlnNrYkgj we have that the two functions
depend on different sets of variables (let B C Z? be the set of variables on which f
depends and B’ the ones relative to h) and

E2((A)i(AN); | Fil%mn) = (1)l ama v (FB).
We can then define its Newtonian potential of f,

1
|BI(IB] = 2)p

1 B B|—|B|+2¢(,9B\ 7,08
g - f .
BB~ Doy / L

v(o) = /ﬂd 167 — 0F||7IPF2E(9)d0" @05 Ho(dd;)

(5.8)

where 08 = (6;);cp and «; is the volume of the unit ball in R'. It is well known
that, for 82 in the interior of I'?

Zaglgl\ll =f.

leB

Thus, remembering Lemma we can writﬂ

E2AA0)5 1 F )| < D10 v (0, (90, ¥ - )|
leB

< Bl (1) a 1 w1l - sup |86, - hlog < CACE| I N|? - |g|og - sup [0, Voo
leB leB
By (5.8) we have, for | € B,

/ 0, — v,
= |BI(IB] = 2)ayp; - [[07 — 97|17

D0,V (0) = £(9)dVP @;¢p po(di;) =: vf (£).

Unfortunately, v/ ¢ B due to the singularity of the kernel. To take care of this
problem we need to isolate the singularity. For each r > 0 let x,. € C>*(RZ,[0,1])
such that x,.(88) = 0 for all [|#Z|| < r and x,.(#F) = 1 for all |§7| > 2r. Clearly
Xr can be chosen radial and so that sup; |9y, Xr|eo < Cr~!. We then define

(01— ) - xr(0 — )

0 . B . :
Vl,r(¢)' sz ‘B‘(|B| *2)a|B\ ||9B ,19]3|||B\ d)( ) dd ®J€B ;UfO(dﬁj)

and ufr(f) =1Y(¢)— v f (¢). A direct computation shows that |ul .| < Cr(ACyIn N)—@
and ||1/ Jl < C(ACyIn N)~¢Inr~L. Since |f| < 2|g|o We can finally use Theorem

2"Remember that the marginal of (”e)g(Y on B U B’ is absolutely continuos with respect to
Lebesgue, hence the boundary of I® has zero measure, moreover 0, ¥ is a continuous function

d
on I%",
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to estimate

E*((AD)i(AR); | Flhmn)| < C S r+ sup |(rX%) 0] (541 N gy
oeI®

Aln N
n

< CSr+p(@) + sup [[(7) V),
leB
oeI®

<C{r+N'lnr '} <CN'InN

where we have chosen » = N~
In conclusion,
s 5 SN O o o _1
gy VB = XN K )0~ F))| < ONH e
+ Aln N N7'E*(Card{t < Nh: || X; — V;|| < 4CoAIn N})||¢]|c>.
In Section [6] we prove the following bound.

Lemma 5.2. Let A be a large constant and set Ly := Aln N. There exists 6y €
(0,1) such that

(5.10) E?(Card{t < N : || X; - V;|| < Ly}) < CN% (N €N)
Lemma [5.2] allows to estimate the cross term by

ChON%~1In N = Ch(hN)*1In N

proving the proposition by choosing 3 € (0, 41__25500) and ¥ = %. ]

6. TWO WALKS ESTIMATES

In Section [5| we proved that Lemma (and hence Theorem holds provided
the average number of times two walks come closer than Aln N in time NN is smaller
than N% for some &y € (0,1). The purpose of this section is to prove such an
estimate and therefore conclude the argument.

6.1. On the number of close encounters. The proof of inequality (5.10) can
be reduced to the following simpler inequality.

Lemma 6.1. There exists p € (0,1),C7 > 0 such that for any m € N for any a,b
such that ||a — bl > Ly, we have

C
(6.) P*({|X; ~Yjl > Ly Vje{m,....m+N}} | Xp=0aYm=0)2 =,
(Here P2 is the underlying probability for the process (0;, X;,Y;) started with 6

distributed according to u€).
We postpone the proof of the above Lemma until finishing the proof of ([5.10).

Proof of Lemma [5.2. Notice that Assumption[dimplies that the walks can move
in different directions with positive probability. In particular, there exists v > 0
such that for each a,b € Z% m € N and 6 > 0,

(6.2) P2 <{||Xm+L?V —Yonirz |l 2 LN} ‘ Xm=aY, = b> > ()7,
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Indeed
2 oL
P <{||Xm+5LN Nipsrnll > 6Ly} | Xy = 0,V = b) > i

the latter being the probability of one fixed path in which X;,Y; get further and
further apart at each step. On the other hand

(63) B ({1Xms13-s00 = Vs o0l = I} \ X = Yol 2 6Ly ) = f0),

To verify (6.3)) let W) (¢) and W(?)(¢) be independent Brownian Motions such that
W (0) — W(0) = v, where ||v|| = 6. Let v := v ||v||~!, and

1
(6) = 5P (||W(2)(1) ~w®@1)|>1, and forall t € [0,1]

(V0,9 > W2(0).5) - § and (WO0,5) < (W(0),9) - 3 )

Observe that the invariance principle established in Lemma[4.2] Lemma[3.5 and the
fact that local dynamics are independent implies a two particle invariance principle
as long as the walkers explore disjoint regions in the phase space. Therefore the
probability that two walkers grow Ly apart exploring disjoint regions of the phase
space is at least ¢(d) for large N proving . Choose ¢ < 1 — p. Then,

IP’2({ sup ||XZ-—YZ-||<LN}’Xm:a,Ym:b)

m<i<m+Ne
(6.4) NeL?
< H (1 —c(6)75LN) < 670(5)75LNL§2N9 < e,CN@/z
j=1

— )

provided that ¢ is sufficiently small.
Next, consider the sets By, := {(z,y) : |z —y|| < R}, Bf :={|lz —y| > R} and
the stopping times, for k£ > 0,

so:=inf{jeN :j>0, (X;.1,Y;.1) € By _,(X;,Y;) € Bf },

sop i=1inf {j €N : j > 5950, (X;-1,Yj-1) € By, (X;,Y;) € B'{N},

spo=inf{jeN : j>so, (X;01,Y;1) € Bf , (X;,Y;) € Bf },
sopp1i=inf {j €N : j>sop_1, (X;_1,Y;1) € Bf ., (X;,Y;) € B }.

Clearly, sor < Sopt1 < Sok+2 and s, > k. As Xy = Y, these stopping times
are adapted to the filtration F;X¥. Note that the sqj, are upcrossing times hence
|IX: — Y]] < Ly for all the t € {sar_1,dots, sa;, — 1}. With this notation, (6.4)
implies

P2 ({SUP(Szi — 824-1) > NQ}) < NsupP? ({s9; — 5951 > N¢}) < Ne—N¢*
i<N i<N
Let us set J :=inf{k € N : s, > N}, clearly J < N,

(6.5) E2(Card{n < N : || Xn — Y| < Ln}) < N2e V" 4 NeE2(.).

It remains to investigate the length of the intervals of time in which the two
walks are further apart than Ly. Let S, := {supy<,(s2xy1 — s2r) < N}, and
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denote by FXY the o-algebra associated to the filtration XY and the stopping

2k

time sox. Then, by (6.1)),
P2({J > n}) <E*(Ls,) = E*(Ls, ,P* ({52041 — 520 < N} | Sn-1))
= E2 (ﬂsn,l]PQ ({82n+1 — Sop < N} | fgj))

Co 2 Co\"

Thus, letting 1 — o > a > p, it follows that
P2({J > N}) < Ce=CoN"",

which means that E2(J) < N® + NP?({J > N°}) < CN®. In view of (6.5)) this
proves ([5.10)) provided we have chosen dg so that ¢ + a < dg. O

Our program is thus completed once we prove (6.1)). To this end an intermediate
result is needed.

Lemma 6.2. Given R > 0, take two points ag and br such that |lag — br| = R.
Consider two walks starting at ag and br respectively with the environment given
by the probability distribution v € B and define the stopping time 75 r as the first
time n > 0 such that

|1 Xn — Yo < or | Xn = Yol > (1+9)R.

R
1446
For each Cg > 0, if ||v|| < Cs, then there exists Rs € Ry, ¢1,¢2 > 0 such that for
each R > Rs

1 —cC
Pi ({”XTJ,R - YTJ,R” 2 (1 =+ 5)R}) Z m — (1€ 2/6
Proof. Let Txr be the first time n > 0 such that

max (|| Xn — Xonll, [Yn = Yul) >

ol

Then, by Section [4] the pair
Knin(Tr,tR?) — Xm  Ymin(Tr,tR?2) — Xm
R ’ R
is asymptotic, when R — o0, to a pair of independent Brownian Motions

WO 0, W) e R xR WH(0)=0, W) =1

stopped at time T when one of them wanders more than 1/2 from its starting

position Let 7 be the first time [|[WM(t) — W (1)|| = (1 +6) or [[WD(t) —
W @) = (1+ ). Recall that

PHIWO () =W (r)| = (146)}) > —

{IW(r) (Ml =Q0+0)}h) =5

(the worst case is then d = 1, see e.g. [I1], Section XI.1). On the other hand

(6.6) P(T<7)<P(r>0d+P(T <)
28\ ore precisely, the fact that each component is approximately Brownian comes from Section

[4] while independence is due to the fact that the walkers explore non-intersecting regions in the
phase space and can be proven by the same arguments use to estimate (5.9)).
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and both terms are O(e~%/?), the first one because
P(r>(k+1)8|T > ké*) <y <1
and the second one by Hoeffding’s inequality (see e.g. [6]). Nowf|
P({[[Xrsn = Yry o = R(1L+0)})

> P({|| Xrsp — Yoy p = R(1L+6) and 755 < Tg}) > L& — e/,
|
We now use the following comparison criterion (proved in section .
Lemma 6.3. Suppose £1,&>...&, ... is a random process such that &, = +1 and

for alln

P(gn = 1|§1 .- -gn—l) > p.
Let &1,&5...&, - .. be 1id random variables such that &, = +1, and P(§, = 1) =
Let

& —an+Xo X, —Z§n+/\’o
j=1
Then for any a1 < a < a
P(Xy reaches s before aq| Xy = o) > P()E'k reaches ao before 041|)EO =aq)

Recall that by Gambler’s Ruin Formula for p # 1/2

a2 —o Q22—
: o ) ()
(6.7) P (X}, reaches ag before aq|Xy = o) = ppp——
1= (%)
P

Proof of Lemma[6.1. Let X,, = aandY,, = bwith |la—b|| > Ly and x € (1, 1).
Using ellipticity of Assumption [4] for the first § L steps we see that with proba-
bility greater than N~ our walkers move distance (1+46) Ly apart without getting
within distance L from each other. Let 71 be the first time after m when our walk-
ers move distance (14 )Ly apart and let 7,41 be the first time after 7,, when

1X =Yl = (1 +0)[[ X, = Y, [ or [|X; = V5] < (1+ 5)’1||Xm - Y.

. In||X,, —Y;
Applying Lemma to X, = nHln(1+6) ol with a; = 1n(1+6 ,a=01+1, as =
13(11H+A§) and using Lemma taking into account Lemma to estimate the

probability of moving apart we conclude from that for each ¢ > 0, by choosing
0 small and N large enough, the probability that the walkers move distance N* Ly
apart without getting within distance Ly from each other is at least cdN~%7¢.

Hence there is a polynomially small probability of making an excursion of size
N* Ly before returning to a distance Ly. On the other hand once we have such a
big excursion Lemma implies that it will take more than N steps to come back,
indeed

B ({WMNIX Y| <LN} ‘HXe Y| >NKLN)

2rk—1
< CNe OV .

29Here ¢1 should be taken a little bit larger than the implied constants in to take into
account that our process is only approximated by Brownian Motion.
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e last two estimates imply Lemma [6.]] O

. Comparison Lemma.

Proof of Lemma . Let U1,Us...U, ... be random variables which are inde-
pendent and uniformly distributed on [0, 1]. Define

& =—1itU, < P& =-11& =¢&,...,6p—1 =&, _1) and &, = 1 otherwise.

Also let é:; =-1ifU, <1—pand é;; = 1 otherwise. Let

Th

Xi=36 X=308
j=1 j=1

en {X*} has the same distribution as {X,}, {X*} has the same distribution as

{&,} and X > X7 O

(1
2]

[9

(10]

(11]
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