COMPUTING THE RATE OF DECAY OF CORRELATIONS IN EXPANDING AND HYPERBOLIC SYSTEMS

CARLANGELO LIVERANI

Abstract. I discuss a general approach allowing to accurately investigative the statistical properties of expanding and hyperbolic dynamical systems.

1. Different approaches

The study of the statistical properties of dynamical systems, and in particular the study of the rate of convergence to equilibrium has a rather long story. In the last years several approaches have been developed, here is a brief (and incomplete) summary

• Coding the system:

– Markov Partition (this is the original one, see [3] for an overview); – Towers (in the same spirit of coding the systems but much more flexible [17]).

• Functional Analysis:

– Quasi-compactness (this has a rather long story, see [1] and references therein for an overview);

– Hilbert metrics (see [10] and [16] for an overview). • Probability:

– Random approximations (not so systematic as the previous, see [13], [11] and [14] for some examples);

– Coupling (introduced recently by [4], [18], see also [5]).

Of all the above points of view the functional analytic one turns out to be the most powerful although there is a price to pay: it applies only to systems with uniform expansion and contraction (that is Anosov systems). With this limitation in mind let me proceed in the exposition of such an approach.

2. Functional approach

It turns out to be helpful to expose the approach in a rather abstract fashion. To fix ideas it may be convenient to think of a very simple example Piecewise expanding maps, that is a piecewise smooth map T : [0, 1] → [0, 1] such that |DT | ≥ λ > 1. Accordingly, I will point out how the general features specialize to such a case.

The ingredients of the functional approach are the following: 1. Two Banach spaces B_i. (B_1 = BV and B_2 = L^1, in our example). 2. Two norms ‖ · ‖ ≥ | · |. (‖ · ‖ = ‖ · ‖_{BV} ; | · | = | · |_1, in our example). 3. An operator L : B_i → B_i. (L is the Transfer operator, see below).

Date: January 26, 2001. 1

4. An inequality ‖L^nf‖ ≤ Aα^n‖f‖ + B|f|, |L^nf| ≤ C|f| with α < 1. (Lasota-Yorke inequality, this captures the regularization properties of L).

5. Compactness: {f ∈ B_1 | ‖f‖ = 1} is pre-compact in B_2. (In our example, this is the compactness of the unit ball of BV in L^1.).

6. Invariant functional: exists ℓ ∈ B^∗_2 such that L^∗ℓ = ℓ. (ℓ(f) = ∫ f(x)dx, in our example.).

The above setting has some immediate implications: • (4) =⇒ σ(L) ⊂ {z ∈ C | |z| ≤ 1}. • (6) =⇒ 1 ∈ σ(L). • (4,5) =⇒ σ_{ess}(L) ⊂ { z ∈ C | | | |z| ≤ α }

The first two of the above statements concerning the spectrum of L are obvious, while the last is rather deep and has been obtain, in different contexts, by various authors. In the present form it follows form [6].^1

In the piecewise expanding case Lf(x) = ∑ y∈T^{−1}x |D_yT |^{−1}f(y). Let T_∗φ := φ ∘ T and T^∗μ(φ) := μ(T^∗φ). Setting dμ = hdx dT^∗μ dx = Lh, that is L describes the evolution of the densities under the dynamics.

If 1 is a simple eigenvalues and no other eigenvalues of modulus one are present then the projection Π_1 on the associated eigenvector is given by Π_1f = hℓ(f) where Lh = h.

Remark 1. For piecewise expanding maps this corresponds to the uniqueness of the invariant measure and the exponential rate of convergence to equilibrium (given by the spectral gap).

3. Perturbations

To study more precisely the spectral properties of L , and hence its statistical properties, it would be convenient to approximate L by a finite rank operator. Unfortunately it is not known how to do this in a way allowing to apply standard perturbation theory. Yet, it is possible to develop a perturbation theory suited to our needs.

Define the norm |||L||| := sup_{‖f ‖≤1} |Lf|. Let L_i be two operators that satisfy (1-6), and |||L_1 − L_2||| ≤ ε. 1By σ_{ess} I mean the essential spectral radius in the sense that the spectrum outside it consists of a finite number of eigenvalues with finite multiplicity.

In addition, for any operator L, r > α and δ > 0, consider the set V_{δ,r}(L) := {z ∈ C | |z| ≤ r or dist(z, σ(L)) ≤ δ}. Since the complement of V_{δ,r}(L) belongs to the resolvent of L it follows that

H_{δ,r}(L) := sup { ‖(z − L)^{−1}‖ | z ∈ C \V_{δ,r} (L) } < ∞. Theorem 1 ([8]). Consider two operators L_i : B_1 → B_1 satisfying (1-6). Let H^i_{δ,r} := H_{δ,r}(L_i); V^i_{δ,r} := V_{δ,r}(L_i), then, if ε ≤ ε_1(L_1, r, δ), ‖(z − L_2)^{−1}f‖ ≤ 4(A + B) 1 − r r^{−n1} ‖f‖ + 1 2ε_1 |f|. In addition, setting η :=^{ln r/α}_{ln α−1} there exists a, b ∈ R^+ such that, if ε ≤ ε_0(L_1, r, δ), for each z ∈ C \V^1_{δ,r} holds |||(z − L_1)^{−1} − (z − L_2)^{−1}||| ≤ ε^η [ a‖(z − L_1)^{−1}‖ + b‖(z − L_1)^{−1}‖^2 ] . In our example the previous theorem applies to operators L_ε, L such that 1. The L_ε are Perron-Frobenius operators of maps T_ε which are “close” to T ; 2. L_ε is the transition operator of the stochastically perturbed map T , where ε is the “size” of the perturbation;

3. L_ε is the transition operator for the Ulam-type discretization of T with grid size ε;

4. L_ε is the transfer operator for the map with a small hole;

and implies the stability of the peripheral spectrum and of the associated eigenprojections.

In particular, point (3) allows to compute the peripheral spectral properties of L. Let {ϕ_i} be a partition of unity with small support (≤ ε) then

L_εf(x) := ∑ ij ϕ_i(x)Z_iZ_j ∫ ϕ_iLϕ_j ∫ ϕ_j f; Z^{−1}_i = ∫ ϕ_i. is a finite rank operator which spectrum and eigenvectors are close to the ones of L, in the | · | norm. So one can get precise quantitative informations on (see [12] for more details)

• The ergodic properties (multiplicity of the eigenvalue 1, eigenvalues of modulus one...);

• The invariant measure (knowledge of the density in L^1 norm); • The rate of decay of correlations (spectral gap).

4. Anosov maps

The above abstract setting has been illustrated in the case of piecewise expanding maps of the interval, but it has a much wider scope. To have an idea of the possibilities let us apply it to the case of Anosov systems (see [7] for definitions and properties of such systems). The following results are taken by [2].

Let T : M → M be C^2 and Anosov, then Lf = | det(D_xT^{−1})|f ∘ T^{−1} ∀f ∈ L^1(M, m) For the Banach space on which the operator acts must contain the density of the invariant SRB measure and since such a measure is, in general, not absolutely continuous with respect to Lebesgue, it follows that we need a space of distributions. To define it we need first suitable test functions.

For φ : M → R^d , measurable, define^2 H^s_β(φ) := sup_{ds(x,y)≤δ}^{|φ(x)−φ(y)|} d^s(x,y)^β , |φ|_β := |φ|_∞ + H^s_β (φ). Let V be the set of measurable vector fields on M such that v(x) ∈ E^u(x).

For f ∈ C^1(M, R) let ‖f‖_s = sup_{|φ|β ≤1} ∫ M fφ dm, ‖f‖_u = sup v∈V; |v|_β ≤1 ∫ M d_xf(v(x))m(dx), ‖f‖ = ‖f‖_u + b‖f‖_s, |f| = sup_{|φ|1≤1} ∫ M fφ dm. Then B_i ⊂ C^1(M, R)^∗ are the completion of C^1(M, R) with respect to the above norms.^3

It is possible to show that there exists σ ∈ (0, 1), B > 0, such that |Lf| ≤ |f|, ‖Lf‖ ≤ σ‖f‖ + B|f|_w. The unit ball of B_1 is pre-compact in B_2. 1 ∈ B^∗_2 and L^∗1 = 1.

That is points 1-6 of the abstract setting apply. All the usual results about SRB measures easily follow.

To perform the perturbative part of the argument we need more stringent conditions on the systems: it is necessary to require that the invariant foliations be C^{1+α}. This is automatically verified for two dimensional systems, so I will restrict the following discussion to such simple case. Set M = T^2. Consider q̄ ∈ C^1(R^2 , R), supp q̄ ≤ B_1(0), ∫ q̄ = 1. Define the convolution Q_εf(x) = ∫ T^2 ε^{−2}q̄(ε^{−1}(x − y))f(y)m(dy). Combined with the deterministic transformation T such operator gives rise to a Markov process (X^ε_n)_{n≥0} on T^2 where X_0 can have any probability distribution and P (X^ε_{n+1} ∈ A | X^ε_n) = ∫ A ε^{−2}q̄(ε^{−1}(T (X_n) − y)) m(dy) . The associated transfer operator is L_ε = Q_εL. It is then possible to show that there exists a constant K > 0 such that, for ε small enough, |L^n_ε f| ≤ K|f| ∀n ∈ N, ‖L_εf‖ ≤ σ^n‖f‖ + K|f| ∀n ∈ N, |||L_ε − L||| ≤ Kε^{1−β}. That is the operators L, L_ε satisfy all the hypotheses of Theorem 1.

2By d^s I mean the distance of two points computed along the stable manifold. In particular, if the two points do not belong to the same stable manifold, then their d^s distance is infinite.

3Such functional spaces are vaguely related to the works [15], [9].

As a consequence the following results can be obtained • Spectral stability with respect to random perturbations; • Spectral stability with respect to C^3 deterministic perturbations; • Spectral stability with respect to Smooth Ulam discretizations.

The last point is the one we are mostly interested in here. It means that if {A_i} is a partition of T^2 with squares of side smaller than ε and Πf := ∑ i Id_{Ai} Z_i ∫ A_i f, with

Z^{−1}_i := ∫ A_i 1 (IdA is the characteristic function of the set A) then the spectrum

of the operator ΠLQ_δ Π is close with multiplicity to the spectrum of the operator L provided δ and δ^{−5}ε are small. Clearly this allows to reduce the study of the spectrum of L to the computation of the spectrum of a finite matrix whereby allowing to obtain precise quantitative informations on the ergodic properties of the system under consideration.

References

[1] V.Baladi, Positive transfer operators and decay of correlations, Advances series in Nonlinear Dynamics 16, World Scientific, Singapore-New Jersey-London-Hong Kong, (2000).

[2] M.Blank, G.Keller, C.Liverani, Stochastic stability for uniformly hyperbolic diffeomorphisms, preprint.

[3] R.Bowen, Equilibrium states and the Ergodic Theory of Anosov diffeomorphisms, Springer Lect. Notes in Math 470, Berlin-Heidelberg-New York, (1975).

[4] X.Bressaud, R.Fernández, A.Galves, Decay of correlations for non Hölderian dynamics: a coupling approach, Electron. J. Probab. 4, (1999).

[5] X.Bressaud, C.Liverani, Anosov diffeomorphisms and coupling, Ergodic Theory and Dynamical Systems, to appear.

[6] H.Hennion, sur un Theéorème spectral et son applications aux noyaux lipschitziens, Proc.

Amer. Math. Soc. 118, 627–634 (1993).

[7] A.Katok, B.Hasselblatt, Introduction to the Modern Theory of Dynamical Systems, Encyclopedia of Mathematics and its Applications, 54, G.-C.Rota editor, Cambridge University Press, Cambridge, (1995).

[8] G.Keller, C.Liverani, Stability of the Spectrum for Transfer Operators, Annali della Scuola Normale Superiore di Pisa, Scienze Fisiche e Matematiche, (4) XXVIII, (1999), pp. 141–152.

[9] A.Yu.Kitaev, Fredholm determinants for hyperbolic diffeomorphisms of finite smoothness, Nonlinearity 12, no. 1, 141–179, (1999). Corrigendum: ”Fredholm determinants for hyperbolic diffeomorphisms of finite smoothness”, Nonlinearity 12, no. 6, 1717–1719,(1999).

[10] C.Liverani, Decay of correlations, Ann. of Math. (2) 142, 239–301, (1995). [11] C.Liverani, Flows, random perturbations and rate of mixing, Ergodic Theory Dyn. Sys. 18, 1421–1446, (1998).

[12] C.Liverani, Rigorous numerical investigation of the statistical properties of piecewise expanding maps–A feasibility study, Nonlinearity, to appear.

[13] C.Liverani, B.Saussol, S.Vaienti, A probabilistic approach to intermittency, Ergodic Theory Dyn. Sys. 19, 671–686, (1999).

[14] M.Pollicott, Rates of mixing for potentials of summable variation, Trans. Amer. Math. Soc.

352, 843–853, (2000).

[15] H.H.Rugh, Fredholm determinants for real-analytic hyperbolic diffeomorphisms of surfaces.

XIth International Congress of Mathematical Physics (Paris, 1994), 297–303, Internat. Press, Cambridge, MA, (1995).

[16] M.Viana, Stochastic dynamics of deterministic systems,Col. Bras. de Matemática, (1997). [17] L.-S.Young, Statistical properties of systems with some hyperbolicity including certain billiards, Ann. of Math. (2) 147, 585-650 (1998).

[18] L.-S.Young, Recurrence times and rate of mixing, Israel J. Math. 110, 153-188, (1999).

Carlangelo Liverani, Dipartimento di Matematica, II Università di Roma (Tor Vergata), Via della Ricerca Scientifica, 00133 Roma, Italy

E-mail address: liverani@mat.uniroma2.it