RETURN TO EQUILIBRIUM IN CLASSICAL AND QUANTUM SYSTEMS

CARLANGELO LIVERANI

Abstract. I discuss return to equilibrium both in the classical and quantum setting. In the classical setting the emphasis is on several techniques that have been developed in the last years and that, hopefully, could inspire new approaches in the study of quantum systems. In the quantum setting a very simple, but far from trivial, model is discussed.

Contents

1. First Lecture 2 1.1. Classical Systems: Introduction 2 1.2. A model problem 3 1.3. A functional approach (quasi-compactness) 5 2. Second Lecture 9 2.1. A geometrical approach (Projective metrics) 9 2.2. A probabilistic approach (coupling) 13 3. Third Lecture 16 3.1. Anosov systems 16 3.2. About infinite systems 17 3.3. Ergodicity of infinite systems 18 3.4. Noisy systems 20 4. Fourth Lecture 21 4.1. On Quantum Ergodicity 22 4.2. A weakly an-harmonic quantum chain 24 4.3. Concluding remarks 28 References 29

Date: Rome, October 11, 2000.

I acknowledge the support of the ESF Programme PRODYN. 1

1. First Lecture

The convergence to equilibrium is an ubiquitous phenomena that surrounds us, yet it is hardly well understood.

We have reached a good understanding in the classical setting (although limited to a special class of systems whose physical relevance may be debated) but the quantum setting is very much unexplored. The primary reason of such a lack of understanding in the quantum situation is due to the fact that quantum systems with finitely many degree of freedom typically do not exhibit relaxation to equilibrium (unlikely their classical counterpart). This is readily see by noticing that, if the classical state space is compact (at any given energy), the associated quantum Hamiltonian is normally an operator with only point spectrum. Accordingly the motion is quasi–periodic, hence no asymptotic state can exist. Indeed, as we will see later in more details quasi–periodic motion is associated to (peripheral) point spectrum while convergence to equilibrium needs continuous spectrum.

The above considerations imply that, in order to have convergence to equilibrium in quantum systems, it is necessary to have systems with ‘non compact’ classical phase space (thus either on a non compact region or with infinitely many degree of freedom). This is quite reasonable from a physical point of view,^1 yet rather problematic from the mathematical point of view. In fact, even classically the theory of such systems is quite unsatisfactory.

The aim of these notes is to present some of the results of the classical theory in a form that is reminiscent of the quantum setting in the hope that this could shed some light on the latter. We will also review some results on classical infinite systems and mention few results in the quantum mechanical framework. As the reader will see the lesson learned in the classical situation has no immediate bearing on the quantum one. In fact, the main goal of these lectures is to point out this state of affairs and pose the problem to find out if some of the ideas (reviewed here) that have proved fruitful for classical systems could be applicable (in some properly revised form) to quantum systems.

1.1. Classical Systems: Introduction. The above mentioned class of classical systems for which it is possible to investigate the convergence to equilibrium are the so called hyperbolic systems. Generally speaking this are systems that exhibit a strong sensitivity with respect to the initial conditions, so that there is some ‘memory loss’.^2

The traditional approach to studying a classical system is to investigate directly the motion in the phase space. This is a first drastic difference from quantum mechanics where the phase space does not exists. In fact, the phase space enters in the very definition of a classical dynamical system.

Definition 1. A classical discrete (continuous) measurable dynamical system consists of a measurable space X, a measurable map T (a measurable flow ϕ^t) and an invariant measure μ.

1Think for example of radiation: an atom is excited by some external factor, after that goes back to its fundamental state by emitting radiation. Clearly, the electromagnetic fields is exactly the system with infinitely many degree of freedom we are advocating.

2Of course, since these systems are deterministic there cannot be any real ‘memory loss’. What we mean here is that if the initial condition is known only with a given precision (which is always the case if the observable is a smooth function), then after some time we are no longer able to predict the state of the system due to the magnification of the original uncertainty.

Nevertheless, more abstract approaches, based directly on the evolution of the observables or of the measures (which are available in quantum mechanics as well), have been developed recently.

A seminal example of the above point of view is the Mean Ergodic Theorem.^3 In this theorem one considers the space L^2(X, μ) as the space of observables^4 and defines on it the action of the dynamics via the natural formula

T_∗f := f ∘ T (ϕ^t_∗f := f ∘ ϕ^t in the continuous case)

(1.1)

It is easy to see that the evolution operator (due to the invariance of the measure) is a contraction (in fact unitary if T is invertible or if ϕ_t is a group).

This point of view has been furthered considerably by the so called Russian School^5 that has clarified the relation between the spectral properties of the above operators and the ergodic properties of the underlying systems. Here it suffices to say that the spectrum is contained in the unit circle and that the statistical properties of the system are related to the structure of the peripheral spectrum (that is σ(T_∗) ∩ {z ∈ C | |z| = 1}). Namely, if the eigenspace corresponding to one is one dimensional, then the map is ergodic.^6 In addition, the system is mixing iff one is the only element of the point spectrum of modulus one.^7 Many more informations can be extracted by studying the spectrum of T_∗ on L^2 (e.g., the K-property), see [20] for details.

The limit of the above approach is that the informations obtained are only qualitative, yet it may be not enough to know that a system is mixing: for practical purposes often it is necessary to know something about the speed of mixing.^8 Another related limit is in the choice of the space of observables. A little though shows that there are many limitations on possible observation of a system and this stands in sharp contrast with the above assumption than any function in L^2 represents a valid measurement.^9

Unfortunately, in general it is not know how to properly restrict the space of observables; yet a first, very fruitful, possibility is given by requiring some smoothness. To have a concrete idea of what can be done let us consider a concrete very simple (but non trivial) case.

1.2. A model problem. As already mentioned one can consider systems in discrete or continuous time.^{10} In the classical case the relevance of the discrete time

3Not by chance due to Von Neuman whose interest in quantum mechanics need not be remarked.

4This space is very convenient but has its drawbacks, for example, contrary to the situation in quantum mechanics it is not an algebra.

5Composed by such people as Kolmogorov, Sinai, Arnold, Katok etc. 6Note that, since T∗1 = 1, one is always in σ(T∗).

7Note that is the map is invertible, hence T∗ unitary, the spectrum is contained in {z ∈ C | |z| = 1}. As already remarked, in this context mixing is linked to continuous spectrum.

8Think of a system with an extremely long transient behavior. Even if such a systems possesses an asymptotic state it could very well happen that all reasonable physical measurements show only the transient, accordingly the asymptotic state would be physically irrelevant.

9This problem is particularly acute for infinite systems (thermodynamics) where, for example, the position of atom one thousand billions two hundred three is a particularly unreasonable observable that, nevertheless, belong to the proper L^2.

10In fact, from a more abstract point of view one can consider the dynamics as the action of a group (or a semi-group) on the space of observables. Clearly N or Z corresponds to discrete time while R^+ or R to continuous time. In this setting one should mentions that also higher rank Abelian groups make sense, for example in statistical mechanics it is very natural to consider

it is not just due to its simpler structure but also to the possibility to reduce continuous systems to discrete ones via the so called Poincarè sections.^{11} We will then consider the simplest case of dynamical system with discrete time that exhibit sensitive dependence from initial conditions: an expanding map of the circle.

Let S^1 be the unit circle^{12} and T : S^1 → S^1 a C^2(S^1) map with the property there exists λ ∈ R^+ such that inf_{x∈S1} |D_xT | > λ > 1. (1.2)

In addition, we use the Lebesgue measure m as reference measure. This means that we would like to consider only invariant measures that are absolutely continuous with respect to Lebesgue.^{13}

The original way to approach the study of such a system was via the introduction of the so called Markov Partitions. A Markov partition is nothing else than a partition of the phase space with some extra property that make it ‘agree’ with the dynamics.^{14} The idea is then to use the partition to code the system.^{15} After that, statistical mechanics methods are employed to study the resulting symbolic dynamics.

Clearly this approach is not very appealing from our point of view since in makes a very direct use of the phase space and of its geometrical properties. I will not discuss it any further although it is certainly an extremely powerful tool. On the contrary I will present other three approaches that have proven very powerful and, all considered, more general than the one above.

Before discussing this approaches one by one, we need a bit of notation. I have already complained that L^2(S^1, m) is a space too large for our purposes, here I will briefly discuss a possibility that is still unsatisfactory but relevant for the sequel: C^{(0)}(S^1).

The space of continuous function is attracting since its dual consists exactly of the measures and if we have only a statistical knowledge of the system (which often happens in real situations where only a partial knowledge is available) then it will evolve according to the way measures evolve. Clearly the operator T_∗ (that we defined on L^2(S^1, m)) is well defined on the continuous function as well, it is then obvious that the Borel measures M(S^1) evolve according to

T^∗μ(f) = μ(T_∗f) ∀f ∈ C^{(0)}(S^1).

(1.3)

To consider the evolution of the measures is a very productive point of view, nevertheless we have already argued that we are not interested in all the measures.

only measures that are invariant under space translations, hence one can consider space time translations as a unique object, whereby obtaining the action of, e.g., R^4.

11A Poincaré section is defined by taking a smooth manifold transversal to the flow and considering the return to it. More precisely, if M is the manifold (the section), then T : M → M (the Poincarè map) is given by T x := ϕ_{t(x)}(x) where ϕ − t is the flow and t(x) is the first time for which ϕt(x) ∈ M.

12That is R mod 1.

13For example, consider the trivial case T x = 2x mod 1, then one can easily check that the Lebesgue measure itself is invariant, yet other invariant measures do exists. The most obvious being the delta mass at zero. The reason why we are discarding such a measure is a physical, not a mathematical one.

14In the case at hand a Markov partition would be any partition in intervals {I_i} such that, for each i, j, T I_i ∩ I_j is either empty or equal to I_j . See [13] for more details.

15This means that each point x ∈ S^1 is associated to its history {T^nx}_{n∈}Nand, more precisely, to the sequence σ ∈ {1, ...., m}N, where m is the cardinality of the partition and σn = i iff T^nx ∈ I_i.

The key to restrict the class of measure we are interested in is to notice that, if μ is absolutely continuous with respect to m, so it is T^∗μ. It is then natural to define the operator L : L^1(S^1, m) → L^1(S^1, m) by Lh = dT_∗μ dm (1.4)

where dμ = hdm. The operator L is called Perron-Frobenius or Ruelle-Perron- Frobenius or Transfer operator and it is the one that shows how the density of a measure that is absolutely continuous with respect to Lebesgue evolves. A direct computation immediately shows that Lh(x) = ∑ y∈T^−1x |D_yT |^{−1}h(y). (1.5)

1.3. A functional approach (quasi-compactness). The idea here (and in the following) is to study the evolution of the transfer operator, in this particular approach the evolution is studied via the spectral properties of the operator.

Once again we are confronted with the choice of a space of functions, since the spectral properties of an operator depend in a fundamental way on the space on which it is considered.

A lot of work has been devoted to such an issue, here we make the simplest relevant choice: the Sobolev space W_{1,1}.^{16}

A first relevant fact is that the Transfer operator is an L^1 contraction, indeed |Lh|_1 = ∫ S1 dx|Lh(x)| ≤ ∫ S1 dx(L|h|)(x) = ∫ S1 |h| = |h|_1, (1.6)

where we have used the fact that, by definition, if dμ = hdm, then m(1Lh) = T^∗μ(1) = μ(1 ∘ T ) = μ(1) = m(h).

The fundamental fact in the study of the hyperbolic systems is that the Transfer operator has some regularization property. To see it let us do the following easy computation

(Lh)^′(x) = − ∑ y∈T^−1x |D_yT |^{−2}D^2_yT h(y) + ∑ y∈T^−1x |D_yT |^{−2}h^′(y). Thus

|(Lh)^′|_1 ≤ λ^{−1}|L|h^′| |_1 + B|L|h| |_1 = λ^{−1}|h^′|_1 + B_0|h|_1,

(1.7)

where

B_0 := sup_{x∈S1} |D^2_xT | |D_xT | . (1.8)

Putting together the previous inequality yields the fundamental Lasota-York inequality ‖Lh‖ ≤ λ^{−1}‖h‖ + (B_0 + 1)|h|_1. (1.9)

From equation (1.9), by iteration, immediately follows ‖L^nh‖ ≤ λ^{−n}‖h‖ + B_0 + 1 1 − λ^{−1} |h|_1 := λ^{−n}‖h‖ + B|h|_1 (1.10)

16Recall that W_{1,1} is nothing else than the completion of C^{(1)} with respect to the Banach norm ‖f‖ := ∫ |f| + ∫ |f^′|. A further interesting fact, from our point of view, is that such a space is an algebra.

that is, the spectral radius of L is less or equal than one. On the other hand, as already noted, m(L^nh) = m(h) thus the spectral radius must be exactly one.

The next step is to notice that the unit ball B_1 = {h ∈ W_{1,1} | ‖h‖ ≤ 1} is a compact set in L^1(S^1, m). Thanks to this Lasota and Yorke [58] proved the existence of an invariant measure since the average 1 n n−1∑ i=0 L^ih is a compact sequence and hence it contains converging subsequences in L^1(S^1, m) which define the densities of invariant measures absolutely continuous with respect to Lebesgue.

But much more can be extracted from (1.9), [44]. Let us see this in the simplest possible manner.

Let {φ_i} ⊂ C^{(∞)}(S^1) be a partition of unity such that, calling I_i := supp φ_i, all the I_i are contained in an interval of size ε and I_i ∩ I_j = ∅ if |i − j| > 1.^{17} Define

Π_εf := ∑ i φ_i ∫ φ_if ∫ φ_i (1.11)

Then |Π_εf − f|_1 ≤ ∑ i ∫ φ_i(x) | | | |f(x) − ∫ fφ_i ∫ φ_i | | | |_1 ≤ ∑ i ∫ φ_i ∫ |f(x) − f(ξ)|φ_i(ξ) ∫ φ_i ≤ ∑ i ∫ φ_i ∫ I_i |f^′| ≤ ε|f^′|_1 ≤ ε‖f‖ The key fact about Π_ε is that it is a compact operator (in fact a finite rank operator) and one of Nussbaum [64] formulae for the essential spectral radius is

σ_{ess}(L) = lim_{n→∞} 1 n ln inf

K compact ‖L^n − K‖. But ‖(L^n − L^nΠ_ε)h‖ ≤ λ^{−n}{‖h‖ + ‖Π_εh‖} + B|h − Π_εh|_1 ≤ λ^{−n}C‖h‖ provided ε is chosen small enough.^{18}

From the above considerations follows that σ_{ess}(L) ≤ λ^{−1}.^{19} This means that the spectrum of L looks as in Figure 1.1. In other words out of the disc of radius λ^{−1} we have only finitely many eigenvalues of finite multiplicity.

17Of course if the partition has m elements then m and 1 must be considered contiguous, that is the difference in i − j must be interpreted mod m.

18In fact, it is possible to choose the partitions of unity {φ_i} such that ‖Πε‖ ≤ C independently on ε. To see it let {J_j } be a fixed covering and choose all the {φ_i} so that the {I_i} are refinements of such a covering. Let K_j be the set of integers i such that I_i ⊂ J_j . Then, ∫ S1 | | | ∑ i φ^′_i ∫ S1 φ_if ∫ S1 φ_i | | | ≤ ∫ S1 | | | ∑ j ∑ i∈K_j φ^′_i ∫ S1 φ_i ∫ J_j f ∫ S1 φ_i|J_j | | | | + ∑ j ∑ i∈K_j ∫ S1 |φ^′_i| ∫ J_j |f^′|

≤ ∑ j ∫ S1 | ∑ i∈K_j φ^′_i | ∫ J_j |f| |J_j | + 2 ∫ S1 |f^′| ≤ const.‖f‖. 19See [32] for a generalization of the above argument.

1 ∗ ∗

∗ ∗ ∗ ∗ λ^−1

Figure 1.1. Spectrum of the Transfer operator

The only fact that remains to be proven is that the system is mixing: that is, 1 has multiplicity one and it is the only eigenvalue of modulus one.

First let us notice that the system is topological mixing, that is if A, B ⊂ S^1 are two intervals then T^nA ∪ B ≠ ∅ for all n sufficiently large. This property is obvious since the size of T^nA is at least λ^n times the size of A, at least until T^nA ≠ S^1.

It is then a general fact that, if the Transfer operator is quasi–compact, then topological mixing implies mixing. To see it some general considerations are called for.

To start with, due to the quasi–compactness of the operator, the following representation holds [22]: L = N∑ i=1 μ_iΠ_iΛ_i + R,

(1.12)

where |μ_i| = 1, Π_i are finite rank projectors such that Π_iΠ_j = δ_{ij} Π_i, Π_iR = RΠ_i = 0, Π_iN_i = N_iΠ_i = N_i, Λ_i = Π_i + N_i and N_i are nilpotent. In addition, the spectral radius of R is strictly less than 1. Accordingly,

L^n = N∑ i=1 μ^n_i Π_iΛ^n_i + R^n.

But, if d_i is the first integer such that N^d_i = 0, then

Λ^n_i = d_i−1∑

k=0 ( n k ) N^k_i

Choosing f such that Π_if = f and N_if ≠ 0 but N^k_i f = 0 for all k > 1 it follows that |Λ^n_i f| ≥ const.n|f|, but this is impossible since it would imply that the L^1 norm of L^n increases at least linearly while L is an L^1-contraction (see (1.6)). From these simple considerations it follows that N_i = 0.

Next, let us fix our attention on some projector Π_i. Since W_{1,1} ⊂ L^2 we can choose an orthonormal basis in the range of Π_i, let us call it {h_n}. Then

Π_if = ∑ j α_j (f)h_j , where α_j are elements of the dual of W_{1,1}. In fact, it happens that the α_j are indeed measures. To see it, let us consider, for each f ∈ W_{1,1} ⊂ C^{(0)} |α_j (f)| = | | | ∫ h_j Π_if | | | = | | |μ^{−n}i ∫ h_j Π_j L^nf | | | ≤ |h^j |‖Π^j ‖‖L^nf‖ (1.13) ≤ ‖Π_j ‖{λ^{−n}‖f‖ + B|f|} ≤ const.|f|, where we have used first the Lasota-York inequality (1.9) and then taken the limit n → ∞. This means that |α_j (f)| ≤ cost |f|_∞, that is α_j is an element of the dual of C^{(0)}, i.e. a Borel measure. Indeed, (1.13) says more: α_j is absolutely continuous with respect to the Lebesgue measure and the density belongs to L^∞. Let g_j be such density, then, for each f ∈ L^1, holds ∫ g_j f = α_j (f) = ∫ h_j Π_if = μ^{−1}_i ∫ h_j Π_iLf = μ^{−1}_i ∫ g_j Lf = μ^{−1}_i ∫ g_j ∘ T f , which means T_∗g_j = μ_j g_j . Accordingly, for each n ∈ N, T_∗g^n_j = μ^n_j g^n_j . On the other hand any eigenvalue of T_∗ must be an eigenvalue of L.^{20} Again quasi-compactness implies that there must be a n_j such that μ^{nj −1}_j = 1 and g^{nj}_j = g_j , otherwise there would be countably many eigenvalues of modulus one contrary to hypotheses. In other words the peripheral eigenvalues must form a finite group under multiplication.

Summing up all the previous consideration one can say that there must exists an integer n̄ such that^{21}

L^{n̄} = Π_∗f + R_∗f

(1.14)

where Π_∗ is a projector, R_∗ has spectral radius strictly less than one and Π_∗R_∗ = R_∗Π_∗ = 0. Moreover, there exists disjoint sets A_j , invariant for T^{n̄}, and function h_j ∈ W_{1,1} such that^{22}

Π_∗f = ∑ j ∫ A_j h_j f. The only obstacle to the conclusion is the fact that the sets A_j could have a complex topological structure (e.g., they could be of a Cantor-like nature). This would be reflected in the fact that their characteristic function would not be of bounded variation. In fact, if the characteristic function is of bounded variation then the set is the finite union of intervals, but then the topological mixing shows immediately that the set, to be invariant, must be all S^1. This means that the

20Since L is essentially the dual of T∗. To be more precise, it is immediate to verify that if T∗g = μg, then g is orthogonal to the range of L − μId, that is μ belongs to the spectrum of L, but |μ| = 1 then, by quasi-compactness, μ can only belong to the point spectrum.

21Just choose the minimum common multiple of the n_j − 1.

22Let B_j = supp g_j , then since g_j ∘ T = g_j , the set B_j must be invariant and it must be g_j = χ_{Bj} θ_j , where θ^{nj −1}_j = 1. Hence θ_j can take, at most, n_j distinct values. Let A_i the sets on which θ_j is constant, clearly such sets are invariant for T^{nj −1}.

range of the projector Π_∗ is one, that is one is the only eigenvalue of L of modulus one, hence the mixing.

To see that χ_{Aj} must be of bounded variation, and thus conclude the argument, it suffices to notice that a function is of bounded variation, with bounded variation norm less or equal to one, if and only if it is in the L^1 closure of the unit ball of W_{1,1}.

Now let us consider some fixed j, then, by regularity of the Lebesgue measure, for each ε > 0 there exists h_ε ∈ W_{1,1}, 0 ≤ h ≤ 1, such that ∫ |χ_{Aj} − h_ε| ≤ ε. First remark that

L^{n̄}h_j χ_{Aj} = L^{n̄}h_j χ_{Aj} ∘ T = χ_{Aj} L^{n̄}h_j = χ_{Aj} h_j ,

then notice ‖L^{kn̄}h_j h_ε‖ ≤ λ^{−kn̄}‖h_j h_ε‖ + B|h_j |_∞|h_ε|. Using the above two inequalities, on the one hand we have |h_j χ_{Aj} − L^{kn̄}h_j h_ε| ≤ |h_j |_∞ε on the other hand, by choosing k_ε so large that ‖L^{kεn̄}h_j h_ε‖ ≤ 2B|h_j |, we are approximating χ_{Aj} by a sequence of functions uniformly bounded in W_{1,1}. This, as already remarked implies that χ_{Aj} is of bounded variation.

1.3.1. Conclusion. The results of the above discussion can be summarized in the following well know result.

Theorem 1.1. If T : S^1 → S^1 is twice differentiable and |DT | > λ > 1, then there exists a unique invariant measure μ_∗ absolutely continuous with respect to Lebesgue, moreover h_∗ :=^{dμ∗}_{dm} ∈ W_{1,1}. The dynamical system (S^1, T, μ_∗) is mixing. In addition, there exists Λ ∈ (0, 1) such that for all measures μ absolutely continuous with respect to m, such that h :=^{dμ}_{dm} ∈ W_{1,1}, holds |μ(T^n_∗ f) − μ_∗(T^n_∗ f)| ≤ const.Λ^n‖h − h_∗‖ |f|. The above theorem is certainly very strong and quite satisfactory. The only reason for unhappiness that I can see is the lack of any explicit knowledge on the constant Λ. We will see how to overcome even this limitation in the next lecture.

2. Second Lecture

In this lecture we continue our investigation of efficient methods to establish the convergence to equilibrium by treating explicitly the simple example of smooth expanding circle maps.

2.1. A geometrical approach (Projective metrics). Projective metrics are widely used in geometry, not to mention the importance of their generalizations (e.g. Kobayashi metrics) for the study of complex manifolds [48]. It is quite surprising that they play a major rôle also in our situation, [51].

Let us start with few word on the Hilbert metric, a quite important tool in hyperbolic geometry.

2.1.1. Projective metrics. Let C ∈ R^n be a strictly convex compact set. For each two point x, y ∈ C consider the line ℓ = {λx + (1 − λy) | λ ∈ R} passing through x and y. Let {u, v} = ∂C ∩ ℓ and define^{23} Θ(x, y) = | | | |ln ‖x − u‖‖y − v‖ ‖x − v‖‖y − v‖ | | | | (the logarithm of the cross ratio). By remembering that the cross ratio is a projective invariant and looking at Figure 2.2 it is easy to check that Θ is indeed a metric. Moreover the distance of an inner point from the boundary is always infinite. One can also check that if the convex set is a disc then the disc with the Hilbert metric is nothing else than the Poincaré disc.

� � � � � � � � � � � � � � � � � � � � �

B B B B B B B B B B B B B B B B B B B B BB

� � � � � � � � � � � � � � � � � � � � � � �

C C C C C C C C C C C C C C C C C C C C C C C

x y w x^′ y^′ z

u a α β b v p

Figure 2.2. Hilbert metric

The object that we will use in our subsequent discussion are not convex sets but rather convex cones, yet their projectivization is a convex set and one can define the Hilbert metric on it (whereby obtaining a semi-metric for the original cone). It turns out that there exists a more algebraic way of defining such a metric, which is easier to use in our context. Moreover, there exists a simple connection between vector spaces with a convex cone and vector lattices (in a vector lattice one can always consider the positive cone). This justifies the next digression in lattice theory.^{24}

23Remark that u, v can also be ∞.

24For more details see [7], and [65] for a recent overview of the field.

Consider a topological vector space V with a partial ordering “⪯,” that is a vector lattice.^{25} We require the partial order to be continuous, i.e. given {v_n} ∈ V lim_{n→∞} v_n = v, if v_n ⪰ w for each n, then v ⪰ w.

We define the closed convex cone^{26} C = {v ∈ V | v ≠ 0, v ⪰ 0} (hereafter, the term “closed cone” C will mean that C ∪ {0} is closed). Conversely, given a closed convex cone C ⊂ V, enjoying the property C ∩ −C = ∅, we can define an order relation by v ⪯ w ⇐⇒ w − v ∈ C ∪ {0}. It is then possible to define a projective metric Θ (Hilbert metric),^{27} in C, by the construction: α(v, w) = sup{λ ∈ R^+ | λv ⪯ w} β(v, w) = inf{μ ∈ R^+ | w ⪯ μv} Θ(v, w) = log [ β(v, w) α(v, w) ] (2.1)

where we take α = 0 and β = ∞ if the corresponding sets are empty.

The importance of the previous constructions is due, in our context, to the following theorem by G.Birkhoff [8].

Theorem 2.1. Let V a topological vector space; L : V → V a continuous linear map such that L(C) ⊂ C, for a closed convex cone C ⊂ V with C ∩ −C = ∅. Let Θ be the Hilbert metric corresponding to the cone C. Setting Δ = sup_{v, w∈L(C)} Θ(v, w) we

have Θ(Lv, Lw) ≤ tanh ( Δ 4 ) Θ(v, w) ∀v, w ∈ C (tanh(∞) ≡ 1).

Remark 2.1. In general, it suffices to know that L(C) ⊂ C in order to conclude Θ(Lv, Lw) ≤ Θ(v, w). However, a strict contraction depends on the diameter of the image being finite.

In particular, if an operator maps a convex cone strictly inside itself (in the sense that the diameter of the image is finite), then it is a contraction in the Hilbert metric. This implies the existence of a “positive” eigenfunction (provided the cone is complete with respect to the Hilbert metric), and, with some additional work, the existence of a gap in the spectrum of L (see [7]).

Usually the space V comes endowed with its own metric, in such a case it is natural to wonder about the strength of the Hilbert metric compared to such a metric. While, in general, the answer depends on the cone, it is nevertheless possible to state an interesting general result.

25We are assuming the partial order to be well behaved with respect to the algebraic structure: for each v, w ∈ V v ⪰ w ⇐⇒ v − w ⪰ 0; for each v ∈ V, λ ∈ R^+\{0} v ⪰ 0 =⇒ λf ⪰ 0; for each

v ∈ V v ⪰ 0 and v ⪯ 0 imply v = 0 (antisymmetry of the order relation).

26Here, by “cone,” we mean any set such that, if v belongs to the set, then λv belongs to it as well, for each λ > 0.

27In fact, we define a semi–metric, since v = λw ⇒ Θ(v, w) = 0. As already mentioned, the metric that we describe corresponds to the conventional Hilbert metric on the projectivization ~C of the cone C.

Definition 2. A function ρ : V → R^+ is called homogeneous of degree one if for all λ ∈ R and v ∈ V ρ(λv) = |λ|ρ(v). Remark 2.2. Note that a norm or a linear functional are both homogeneous function of degree one.

Definition 3. A homogeneous function of degree one is called adapted to a cone C if, for each v, w ∈ V, −v ⪯ w ⪯ v =⇒ ρ(v) ≥ ρ(w), and v ∈ int C implies ρ(v) > 0.

Lemma 2.1. Let ρ_i be two homogeneous functions of degree one adapted to the cone C ⊂ V. Then, given v, w ∈ int C ⊂ V for which ρ_1(v) = ρ_1(w), ρ_2(v − w) ≤ ( e^{Θ(v, w)} − 1 ) min{ρ_2(v), ρ_2(w)}.

Typically in the applications ρ_2 will be a norm while ρ_1 some functional (in our case the integration with respect to Lebesgue measure). Many normed vector lattices satisfy the hypothesis of Lemma 1.3 (e.g. Banach lattices^{28}).

2.1.2. Application to expanding maps. Let us finally get down to business and see how all the above machinery can be used to investigate the return to equilibrium in our toy example.

Consider a dynamical partition P_m.^{29} Let us define the convex cone C_{a,m} = { f ∈ C^{(0)}(S^1) | | | E(f | Fm) ≥ 0; |f^′|1 ≤ a ∫ S1 f } . (2.2)

Where F_m is the σ-algebra generated by the partition P_m and E(· | F_m) is the conditional expectation with respect to the Lebesgue measure.

The fist relevant fact consists in the following computation^{30}

|(Lf)^′|_1 ≤ λ^{−1}|f^′|_1 + B|f|_1 ≤ λ^{−1}|f^′|_1 + B ∫ S1 f + B|f − E(f | F_m)|_1 ≤ (λ^{−1} + Bλ^{−m})|f^′|_1 + B ∫ S1 f. The above means that if ν ∈ (λ^{−1}, 1), λ^{−m} ≤^{ν−λ−1}_B and a = 2B(1 − ν)^{−1}, then Lf satisfies the second condition defining the cone. What about the first conditions? L^mf(x) ≥ ∑ y∈T^{−m}x |D_yT^m|^{−1} { E(f | F_m)(y) − ∫ I(y) |f^′(ξ)|dξ }

28A Banach lattice V is a vector lattice equipped with a norm satisfying the property ‖ |v| ‖ = ‖v‖ for each f ∈ V, where |v| is the least upper bound of v and −v. For this definition to make sense it is necessary to require that V is “directed,” i.e. any two elements have an upper bound.

29By dynamical partition we mean a partition obtained in the following way. Let P_0 be any partition such that T restricted on its element is one to one and the image of each of its elements is the all circle. Then Pm is nothing else than T^{−m}P_0. It should be remarked that any sufficiently fine partition would do (see [52]) and even a smooth partition of unity could be used. The special choice here is determined only by didactic reasons.

30Remember inequality (1.7).

where I(y) is the element of P_m which contains the point y. To continue it is necessary a standard type of argument in hyperbolic theory: a distortion estimate. 1 = ∫ S1 dx = ∫ I(y) |D_ξ T^m|dξ ≥ ∫ I(y) |D_yT^m|e^− P^{mi=1 | ln |DT iξ T |−ln |DT i y T ||} ≥ |I(y)||D_yT^m|e^{−(1−λ−1)−1B0} Let D := e^{−(1−λ−1)−1B0} , then the above equations yield L^mf(x) ≥ ∑ I∈P_m { D ∫ I f − λ^{−m} ∫ I |f^′| } ≥ (D − λ^{−m}a) ∫ S1 f ≥ D 2 ∫ S1 f (2.3)

provided we choose m so that D − 2λ^{−m}a > 0.

This means that, by choosing m such that λ^{−m} ≤^D_{4B} (1 − ν), holds L^mC_{a,m} ⊂ C_{σa,m} with σ =^{1+ν}_2 < 1. In addition, it is easy to compute that^{31}

Δ := diam(L^mC_{a,m}) ≤ 2 ln [ 2 1 + B + 2(1 + D)^{ν−λ−1}_{1−ν} D ] := 2 ln δ < ∞.

(2.4)

The estimate (2.4) can be used together with Theorem 2.1 and Lemma 2.1 to prove:

Theorem 2.2. If T : S^1 → S^1 is twice differentiable and |DT | > λ > 1, then there exists a unique invariant measure μ_∗ absolutely continuous with respect to Lebesgue, moreover h_∗ :=^{dμ∗}_{dm} ∈ W_{1,1}. The dynamical systems (S^1, T, μ_∗) is mixing. In addition, there exists Λ ∈ (0, 1) such that for all measures μ absolutely continuous with respect to m, such that h :=^{dμ}_{dm} ∈ W_{1,1}, holds |μ(T^n_∗ f) − μ_∗(T^n_∗ f)| ≤ const.Λ^n‖h − h_∗‖ |f|. In addition, Λ ≤ [ tanh Δ 4 ] 1_m = [ δ + 1 δ − 1 ] 1_m . Note that the bound for the contraction rate Λ it is now explicitly computable.

We do not insist on its actual value since the above bound is too simplistic to be optimal, the goal here was only to emphasize the possibility to obtain explicit bounds.^{32} 2.2. A probabilistic approach (coupling). There exists another general approach which yields constructive bounds on the rate of relaxation to equilibrium. This point of view has a strong probabilistic flavor. Nevertheless, although not immediately algebraic as the previous ones, it can be phrased at the level of the observable and the measures as well, so it is no inconceivable that it may have a relevance for quantum systems as.

Before describing this method let us say two words on coupling in general.

31To see it compute the distance of a generic element f ∈ Ca,m from 1. This is done by looking for λ, μ such that λ ⪯ f ⪯ μ. This immediately yields λ ≤ min{inf E(f | F); ∫ S1 f −^1_a |f^′|_1} and μ ≥ max{sup E(f | F); ∫ S1 f +^1_a |f^′|_1}. Now if f ∈ L^mCa,m, according to the above discussion follows λ ≤ min{^D_2 ; 1 − σ} ∫ S1 f := α and μ ≥ max{1 + aλ^{−m} + B + Dλ^{−m}a; 1 + σ} ∫ S1 f := β.

Thus the distance between f and 1 is given by ln^β_α . The diameter is then obviously less than twice such a distance.

32For the reader interested in sharp bounds see, e.g., [6], [43], [53].

2.2.1. Coupling. Let us think of discrete random variables for one moment. A coupling is a way of filling an array with a constraint on the sums of the lines and of the columns. Given two distributions (μ_i)_{i=1,... ,n} and (ν_i)_{i=1,... ,n}, it is an array (p_{i,j} )_{i,j=1,... ,n} with non negative entries satisfying ∑ j p_{i,j} = μ_i and ∑ i p_{i,j} = ν_j . Let us see how to construct a coupling with a strong correlated part. We can fill first the diagonal of the array in an arbitrary way imposing only that the value of each entry is less than the constrained values of the associated row and column (this will be the “correlated part”). For example choose a third distribution (η_i)_{i=1,... ,n} and an ε > 0 small enough so that for all i, εη_i < min{μ_i, ν_i} and put the values εη_i on the diagonal.^{33} The total amount of mass “used” is ε. The remainder can (among other possibilities) be coupled ”independently”,

p_{i,j} = χ_{{i=j}}εη_i + (1 − ε)^{−1}(μ_i − η_i)(ν_j − η_j ).

Such an array is indeed a coupling of μ and ν. One can realize this coupling as follows. Drop a Bernoulli coin (ε, 1 − ε). If you get head, then choose the two random variables according to the distribution η (in this case they take the same value). If you get tail, then choose both random variables independently according to the “remaining” joint distribution, (1 − ε)^{−2}(μ_i − η_i)(ν_j − η_j ).

This last point of view easily generalizes to the case of continuous random variables with densities. Let X and Y be two random variables valued in S^1 distributed according to smooth densities with respect to the natural measure on S^1. More precisely, let hdm be the distribution of X and gdm the distribution of Y . A moment of thought shows that T^nX and T^nY are distributed according to L^nhdm and L^ngdm, respectively. We have thus a clear connection with the language of the previous approach.

In this context our goal will be to construct a coupling (X̃, Ỹ ) of these random variables such that, in mean, the distance between T^nX̃ and T^nỸ decays to 0. Since the dynamic is deterministic, the only possibility is to couple the initial distributions.

In our case a coupling of two random variables is a joint distribution, that is a distribution on S^1 × S^1 with the marginals given by the two random variables. The simpler example is the so-called independent coupling (simply take the product distribution). If the random variables have the same law, another simple coupling is the diagonal coupling (X̃ = Ỹ with probability one). Intermediate cases present some “correlation” between the two random variables.

Here is an easy way to construct other coupling in the case in which both h and g are bonded away from zero. Consider a density function f and ε > 0 such that εf(x) < inf{g(x), h(x)}. Now, drop a Bernoulli coin distributed according to (ε, 1 − ε). If you obtain head, then choose the two random variables equal and according to the distribution with density f; if the result is tail, then choose both random variables independently according to the “remaining” joint distribution, whose density on the square is given by F (x, y) = (1 − ε)^{−2}(g(x) − εf(x))(h(y) − εf(y)). It should be intuitive that with the above distribution the two random variable are “closer” than with respect to the independent coupling. To make this precise we need another very helpful fact regarding coupling: the possibility to use it to

33To be optimal, one could choose η so that εη_i = min{μ_i, ν_i}. But then, the remainder cannot be coupled independently.

define a metric in the space of measures. Let us μ, ν be two measures on S^1 and ρ a distance. If C_{μ,ν} is the collection of all the couplings of μ, ν then we can define the Vasserstain distance^{34} by d̄(μ, ν) := inf_{μ̃∈C} μ,ν μ̃(ρ). (2.5)

Back to our case, we will choose ρ(x, y) := { 0 if x = y 1 otherwise

(2.6)

It is easy to see that the convergence in the norm determined by (2.5) implies strong convergence for the measure. In fact, | | | | ∫ hf − ∫ gf | | | | ≤ ∫ |f(x) − f(y)|μ̃(dx, dy) ≤ 2‖f‖_∞ ∫ ρ(x, y)μ̃(dx, dy) and taking the minimum on the coupling the result follows.

2.2.2. Application to expanding maps. The aim is then clearly to construct explicitly a coupling with a lot of mass concentrate on the diagonal in order to show that the measures converge.

Let us consider two densities h, g and let μ, ν be the associated probability measures. We will construct couplings of the type^{35} dμ̃ = (1 − ε)φ_h(x)φ_g (y)dxdy + εψ(x)δ(x − y)dxdy (2.7)

The convenience of the above coupling is that, if we define the operator

L_2μ̃(f) := μ̃(f ∘ T × T )

then L_2μ̃ is a coupling of T^∗μ, T^∗ν.^{36} It is easy to see that the density of L_2μ̃ is given by dL_2μ̃ = (1 − ε)Lφ_h(x)Lφ_g (y)dxdy + εLψ(x)δ(x − y)dxdy which means that the coupling of the two random variable in time remains the same: a singular part and a product part.

We are in position to describe the strategy of the argument. Let us start by considering the invariant set

C_a := { h ∈ C^{(1)} | | | | h ≥ 0; ∫ S1 h = 1; h(x) h(y) ≤ e^{a|x−y|} } (2.8)

By computations similar to the ones in section 1.3, it follows that if ν ∈ (λ^{−1}, 1) and a =^{B0}_{ν−λ−1} then LC_a ⊂ C_{νa} . It is also immediately clear that, if h ∈ C_a, then inf f ≥ α := e^{−a}.

Next, let us start with two densities h, g ∈ C_{a,m} as in the previous section. We can then perform the coupling (2.7) with ε =^α_2 ψ = 1, φ_h :=^{h− α2}_{1−} α_2 and φ_g :=^{g− α2}_{1−} α_2 . Consequently, we have that the non diagonal part of the coupling is determined is

34Sometime it is called the d̄ metric.

35By δ(x) we mean, as usual, the ‘density’ of the probability measure with mass 1 in zero. 36That is of the measures with densities Lh, Lg respectively.

determined by two densities (since the functions are still positive) that belongs to C_{2a} since h(x) −^α_2 h(y) −^α_2 ≤ e^{a|x−y|}h(y) −^α_2 e^{a|x−y|} +^α_2 (e^{a|x−y|} − 1) h(y) −^α_2 ≤ e^{a|x−y|}(2 − e^{−a|x−y|}) ≤ e^{a|x−y|}(1 + a|x − y|) ≤ e^{2a|x−y|}. Accordingly, if k is the first integer such that 2ν^k ≤ 1, it follows that h_1 := L^kφ_h ∈ C_a and g_1 := L^kφ_g ∈ C_a. This means that the two densities h_1 and h_2 can be coupled again. Doing this over and over, after a time n we couple a mass of the order of (1 −^α_2 )^{nk} . This means that we can prove a result similar to the previous ones.

Theorem 2.3. If T : S^1 → S^1 is twice differentiable and |DT | > λ > 1, then there exists a unique invariant measure μ_∗ absolutely continuous with respect to Lebesgue, moreover h_∗ :=^{dμ∗}_{dm} ∈ W_{1,1}. The dynamical systems (S^1, T, μ_∗) is mixing. Moreover, there exists Λ ∈ (0, 1) such that for all measures μ absolutely continuous with respect to m, such that h :=^{dμ}_{dm} ∈ C^{(1)}, holds |μ(T^n_∗ f) − μ_∗(T^n_∗ f)| ≤ const.Λ^n{|h^′ − h^′_∗|_∞ + |h − h_∗|_∞ |f|_∞}. In addition,

Λ ≤ (1 − α 2 )^{nk} .

Also in this case we have thus again an explicit estimate of the rate of convergence to equilibrium. The bound is of the same type of the previous one although k is smaller than m so we have a sharper result. At any rare, as in the previous section, we did not push the bound to optimality to let the reader appreciate better the simplicity of this approach. It must be noted that the space of densities is slightly different from the previous ones, this is done only to simplify the argument. Another, relevant comment is that in the bound it appears the norm | · |_∞, rather than the norm | · |_1, of f. This is clearly a weaker result, it is the price to pay for a simpler argument and, possibly, a better numerical bound. Nevertheless, there exist several practical cases where the difference in norms does matter.

3. Third Lecture

In the previous lecture we have illustrated, via the study of a toy example, some techniques that have yielded important results in the classical theory of dynamical systems as far as convergence to equilibrium is concerned. Yet, the reader can be left with the impression that the above techniques are very special and have no applicability beyond the mentioned example. To fight this perception we will briefly discuss more general cases.

3.1. Anosov systems. Anosov systems are systems such that at each point the tangent space can be split in two subspaces. Vectors in one subspace (the unstable one) are uniformly expanded by the dynamics, while vectors in the other (the stable one) are uniformly contracted. In addition the splitting is required to be invariant and continuous.^{37}

37By general results this implies that the space can be foliated in manifolds with the same properties. Points in the same stable manifold get exponentially closer in the future, while points

For simplicity keep in mind the prototype of such systems, the so called Arnold cat: T (x, y) := ( 1 1 1 2 ) ( x y ) mod 1.

To study the above class of systems it is possible to proceed in analogy with what we have done in the previous lectures. First of all, let us define a cone of densities. Since the natural invariant measures for Anosov systems may be non absolutely continuous with respect to Lebesgue^{38} we are forced to consider not just function but generalize function (i.e. distributions). It is then natural to start by defining a set of test functions:

D_b := { φ ∈ C^{(1)} | | | φ ≥ 0; ‖D^sφ‖_∞ ≤ b ∫ φ } , (3.1)

where we use D^s, D^u to designate the stable and unstable derivative respectively.^{39} We consider then the following cone^{40} C_{a,b} = { h ∈ C^{(1)} | | | ‖D^uh‖_∞ ≤ a ∫ h; ∫ hφ ≥ 0 ∀φ ∈ D_b } (3.2)

To the above cone is ‘naturally’ associated an adapted norm ‖h‖ := ‖D^uh‖_∞ + b sup_{‖Dsφ‖∞≤1} ∫ hφ (3.3)

It turns out that, considering the Banach space B obtained by closing C^{(1)} with respect to the norm (3.3), the transfer operator (that in this case, since each point has only one preimage and the Lebesgue measure is preserved, it is nothing else but the composition with T^{−1}) has spectral radius one. In addition, one is an isolated eigenvalue with multiplicity one, the essential spectrum is contained in a smaller circle (determined by the minimal expansion rate) and all the eigenvalue outside the essential spectrum have modulus strictly less than one. In conclusion, for this type of system holds exactly the same spectral picture given in figure 1.1.

3.2. About infinite systems. As we have remarked at the beginning, if we want to treat quantum systems, then we need to investigate infinite systems. It is then clear that what we have discussed so far cannot be satisfactory from this point of view since we have always considered systems with very low dimension. The next question is then: what is know, classically, about infinite systems?

in the same unstable manifold becomes exponentially closer in the past. This is a more general setting for the above mentioned phenomena of instability. The reader should not be mislead by he presence of stable subspaces: taken two points at random they will almost surely not belong to the same stable sub-manifold, hence they will tent to have drastically different evolutions: dynamical instability.

38In the case at hand the Lebesgue measure is obviously invariant, yet there are many simple examples where the invariant measure must be singular. For example consider the solid torus M = S^1 × D^2, where D^2 is the unit disk in R^2. Consider a map that stretches the torus to twice its length shrinks it transversally and wrap it around twice. Such a type of maps are called solenoid and a concrete analytic expressions of a map T : M → M of this type is T (φ, x, y) = (2φ,^1_{10} x +^1_2 cos φ,^1_{10} y +^1_2 sin φ), [42]. It is easy to check that the map is one one but it shrinks the volume, so the invariant measure must be supported on a set of zero Lebesgue measure.

39By this we mean the derivative taken along the stable or the unstable direction 40The cone is a bit simplified for the case at hand, yet with few technical changes it is suitable for treating general Anosov system[11].

Essentially the only class for systems that has been investigate with some success, although much still remains to be done, are the coupled maps lattice. Such systems can be thought of as a collection of infinitely many identical systems (on a lattice) that interact weakly. To be more precise the X be the phase space of a single systems and T : X → X the relative dynamics. For simplicity suppose that the lattice is simply Z, then the phase space of the all system is given by XZ while the dynamics is defined as

(T̃_εx)_i := T x_i + εΨ(T x)

(3.4)

where Id + εΨ : XZ → XZ is one to one, onto and smooth.

The easiest case is when the single site space is S^1 and the relative map nothing else than the expanding maps that we have already investigated.

On the above systems there exist a manifolds of results starting from the seminal work of Bunimovich and Sinai [18] to the ones of Bricmont and Kupianen [9], [10] where a powerful technique based on the cluster expansion is developed (see also [60]).

The strongest results can be found in [5] and [25] where the transfer operator is studied on suitable Banach spaces and, using the above mentioned cluster expansion technique, it is proven the existence of a unique SRB measure and the exponential convergence to equilibrium, including spatial mixing. Some more general results are found in [68] and [38] where the theory is extended to coupling of higher dimensional maps. For a general review on couple map lattices see [39].

The problem with the above approach is that it is limited to smooth cases, for example it does not cover the most natural nearest neighborhood coupling

Ψ(x)_i = x_{i−1} − 2x_i + x_{i+1},

for which the property of being onto fails.^{41}

There is clearly the need of more general (and more akin to what we have seen so far) techniques to study such systems. In this direction the only relevant results are due to Keller and Künzle [47] and Keller [45], [46]. Unfortunately they are only able to prove, for the more general systems, the existence of the SRB measure and not its uniqueness, let alone the mixing properties.

3.3. Ergodicity of infinite systems. At this point a word is in order on the problem of the ergodicity on infinite systems (in the situation above, the uniqueness of the SRB measure). In fact, it is not obvious what we should mean with the sentence: such and such system is ergodic.

To appreciate the problem let us consider a free gas or an infinite chain of harmonic oscillators, or a systems of hard rods. All the above mentioned systems are ergodic, indeed Bernoulli, with respect to any Gibbs state ([74], [67], [49]). Is it reasonable to call them ergodic?

My resistance stems from the fact that all such systems are integrable when the number of degree of freedom in finite and the ergodicity of the infinite systems arises essentially from the fact that all the alternative invariant measures become mutually singular in the thermodynamics limit.

41In fact, when the single map is one dimensional expanding, such a coupling is either not smooth (if X = S^1) or not onto (if X = [0, 1])).

More precisely, when we say that a finite system is ergodic we mean that there is only one measure absolutely continuous with respect to Lebesgue (or, more generally, only one SRB measure).^{42} When the system becomes infinite the rôle of the Lebesgue measure (for volume preserving dynamics) is taken by the Gibbs measures. But the class of measures absolutely continuous with respect to a given Gibbs measure is a rather small class for infinite systems, in particular all the Gibbs states at different temperatures are mutually singular.

To have a better idea of this phenomena let us consider a box containing particles and compare the measure for which the particles are uniformly distributed in the box with the one for which they are uniformly distributed only in half of the box. If the box is [0, 1]^3 and m is the Lebegsue measure then the configuration space is given by [0, 1]^{3N} where N is the number of particles and the uniform distribution corresponds to μ_N := ⊗^N_{i=1}m. If g is the characteristic function of the region Λ := [0,^1_2 ] × [0, 1]^2, then the uniform distribution in such a box is given by the measure μ̂_N defined by

μ̂_N (f) := 1 μ_N (Λ^N ) ∫ [0,1]3^N N∏ i=1 g(x_i)f(x_1, . . . , x_N )μ_N (dx_1, . . . , dx_N ). (3.5)

Clearly, if the number of degrees of freedom becomes infinite the measure μ̂_N becomes singular with respect to the measure μ_N since the relative density explodes. It is then clear that to talk about ergodicity in infinite dimension in a satisfactory way it is necessary to define a priory the class of measures in which we want the unicity (see [29] for similar considerations). The following proposal is essentially due to Sinai.

Definition 4. Let M be a class of measures that contains all the Gibbs measures, then we call a systems M-ergodic if each μ ∈ M, μ invariant, is a convex combination of Gibbs measures.

The definition of the class of measures is clearly vastly arbitrary and it can be justified only a posteriori via the eventual successes of the theory, nevertheless it seems natural to consider the marginals μ_Λ, where Λ is some finite region, and to require that^{dμΛ}_{dm} grows in a controlled manner with |Λ|. A measure of such a growth that has proven useful in statistical mechanics and hydrodynamics is the specific entropy H_Λ(Q | P ) = sup_{φ∈FΛ}{E^Q (φ) − ln E^P (e^φ)}

(3.6)

where by E^Q (f) we mean the expectation of f wit respect to Q, that is ∫ f(ω)dQ(ω). Definition 5. Given a Gibbs measure P we say that a measure Q has finite specific entropy if H_Λ(Q | P ) ≤ C(1 + |Λ|)

for each cubic box Λ.

42For finite systems we mean that it has only one measure “related” to the Lebesgue measure ( that is, only one SRB measure). This can be made precise in many ways, probably the simplest one is to consider only invariant measures whose conditional expectation with respect to the unstable foliation be absolutely continuous with respect to the restriction of the Lebesgue measure on almost every leave. Clearly this excludes pathological cases, like invariant measures supported by a periodic orbit, which always exists but are not very relevant for the statistical properties of the system.

Let the two measures Q_Λ and P_Λ be the restrictions to Q and P respectively to the region Λ. If Q_Λ is absolutely continuous with respect to P_Λ (i.e.,^{dQΛ}_{dPΛ} = ρ_Λ) with density ρ_Λ ∈ L^∞ then an easy computation shows that H_Λ(Q | P ) = ∫ ρ_Λ ln ρ_ΛdP_Λ.

In fact, it turns out that if two measure have finite relative entropy, then they are absolutely continuous.

If we go back to our previous example of the particles in a box versus the particles in half box then we can compute the relative entropy of the two measures since the density of μ̂_M with respect to μ_N is given by (3.5). We obtain H(μ̂_N | μ_N ) = N ln 2. We see now very well the phenomena of the two measure becoming singular when the number of particles grows: it is exactly quantified by the divergence of the relative entropy.

A reasonable proposal is then to choose the class M to be the class of measures of finite specific entropy. In my knowledge couple map lattices are the only example where ergodicity in the above sense is established [5], [25]. It is then fair to say that nothing much can be said for deterministic systems, but a little noise may help.

3.4. Noisy systems. In the above context a model relevant to the previous discussion has been introduced by Olla, Varadhan and Yau [66]. The model consists of infinitely many identical particles (we call ω the phase space of locally finite^{43} configurations ω = (q_i, p_i), q_i, p_i ∈ R^3 ) undergoing a motion determined by an Hamiltonian H(q, p) = ∑ i ϕ(p_i) + 1 2 ∑ ij V (q_i − q_j ), ϕ being a strictly convex function with at most linear growth.^{44} Let L be the associated Liouville operator.^{45} In addition, there is a long range stochastic interaction among particles. The equations defining the motion read dq_α = ϕ^′(p_α) dt dp_α = − ∑ β≠α V^′(q_α − q_β ) dt + εb_α(ω) dt + ε ∑ θ∈{1,...,d} β≠α σ^θ_{α,β} (ω) dw^θ_{α,β} , (3.7)

where w^θ_{α,β} is a family of independent one-dimensional Wiener processes for θ = 1, 2, ..., d and α ≠ β such that w^θ_{α,β} = −w^θ_{β,α} ; ε ∈ R^+ ; ϕ^′ and V^′ denote the gradient of ϕ and V , respectively. The coefficients b_α, σ^θ_{α,β} : Ω → R^3 are appropriate smooth local functions, chosen in such a way that total energy and momentum are both preserved by the randomized evolution (3.7).^{46}

Let the operator L̂ be the generator of the stochastic part of the dynamics, it reads ^Lψ = ∑ α∈I ⟨ b_α, ∂ψ ∂p_α ⟩ + 1 4 d∑ θ=1 ∑ α∈I ∑ β≠α ⟨ σ^θ_{α,β} , (D^2_{α,β}ψ)σ^θ_{α,β} ⟩ ,

43That is {q_i} has no accumulations points in R^3.

44In fact, it must satisfy some extra properties of a more technical nature (see [54]for details). 45The Liouville operator is nothing else than the generator of the flow associated to the Hamiltonian vector field.

46In the following we assume also that they satisfy some extra technical conditions, see [26] for details.

where D^2_{α,β}ψ is the matrix of second derivatives obtained by applying D_{α,β} = ∂/∂_{pα} − ∂/∂_{pβ} twice to ψ . Without entering in further technical details let us sum up the situation by saying that the stochastic interaction is a diffusion conserving the total energy and momentum, thus it can really be thought of as the result of some complex internal motion of the constituents of the particles.

In this situation the concept of ergodicity that proves the most fruitful is the above mentioned classification of the invariant measures in the class of measures of finite specific entropy.

The strongest results in the above direction can be found in [26], [54] and refer to a generalization of the model discussed above: the stochastic interaction can be arbitrarily weak (ε arbitrarily small) and of short range.^{47} Let us call ρ(ω) = lim_{|Λ|→∞} |Λ|^{−1}|ω_Λ| the density of particles in the configuration ω = (q, p). Theorem 3.1 ([54], [26]). Suppose that P is a translational invariant stationary measure with finite specific entropy, and let ρ_c := 3/(4πR^3_1). If P ({ω | ρ(ω) > ρ^′}) = 1 for some ρ^′ > ρ_c, then P is a convex combination of Gibbs measures.

Certainly the value of ρ_c in the previous Theorem it is not optimal, yet when ρ → 0 the system gets closer and closer to the free gas since the particle are, in average, more and more distant and consequently tend to not interact. It is therefore natural that some complication arises for small ρ. If the problem is a real one or just an artifact of the method of proof it remains to be seen.

To conclude these brief comments it is worth mentioning that, in general, no system is really isolated. One can then wonder about the influence of the external world on the system under consideration. A typical way to do this is by introducing stochastic boundary conditions. This is a rather vast subject that it is not reasonable to review it here, let us just mention [27] where it is shown that a gas of interacting particles with stochastic boundary conditions has indeed a stationary measure, [57] where the Lorenz gas with stochastic boundary conditions is investigated and [23] where a stationary measure is obtained for an an-harmonic chain connected to two different stochastic boundary conditions that simulate two heat bath at different temperatures. This should give a feeling for the fact that, once stochasticity is introduced in the system a priori, much stronger results can be obtained.

The above results can also be seen as a stability result for Gibbs states.^{48} In fact, a diffuse point of view is that there is no need of ergodicity to justify statistical mechanics, it suffices to notice that the Gibbs states are the only stable states with respect to small perturbations together with the fact that the functions we are interested in are almost constant (with respect to any Gibbs measure) on the phase space. Such a point of view has certainly its merits but, as we will see in the next lecture, it is not completely clear to which extent the above mentioned stability holds.

4. Fourth Lecture

Let us finally get to quantum mechanics. As already mentioned the amount of results is quite limited. Some of the most relevant are [21], [19], [59], [12], [28] where

47The range R_1 of the stochastic interaction must be larger than the range R_0 of the deterministic interaction, also, for simplicity, the deterministic potential is assumed to be repelling.

48Since the noise level can be taken arbitrary small.

models similar to the one discussed below are studied; [37] and [35] which deals with the radiative decay in the so called spin-boson model; [62] that discusses general features of quantum mixing; [50], [63] where the ergodic properties of quantum systems subject to the Maxwell–Boltzmann statistics are investigated. Such a list is far from exhaustive but, together with the references in the mention articles, should give some idea of the state of the matter.

The above results are certainly important but not completely satisfactory from the point of view of the previous lecture since they limit their study to the KMS states.^{49}

In the following we will discuss an attempt, carried out in [24], to go beyond the KMS states, the price to pay is the necessity to restrict our investigation to a model very close to a free gas model. Before going to the concrete example few general remarks are called for.

4.1. On Quantum Ergodicity. At this point it may be helpful to make precise what I mean by the ergodic properties of a quantum dynamical systems, since such concepts may be less familiar than their classical counterparts.

We consider the couple (A, α_t) where A is a C^∗-algebra and t → α_t is a representation of the additive group of real numbers into the group of the automorphisms of the C^∗-algebra A, that is a dynamical system.^{50}

We say that a representation π of A on a separable Hilbert space gives rise to a continuous dynamical system if the maps t ∈ R → π(αtA) are all continuous in the weak (equiv. strong, strong*) operator topology.

As it is widely known, there are very simple examples satisfying the above picture, e.g. the dynamical system associated to a free particle. Moreover, if we deal with a group of Bogoliubov transformations t → T_t of a CCR C^∗-algebra built on a symplectic space (H, σ), the Gelfand-Naimark-Segal (GNS for short) representation π_ω relative to any state ω gives rise to a continuous dynamical system according to the above definition, provided that both functions t ∈ R →σ(u, Ttv) t ∈ R →ω(W (u + Ttv)) are continuous for fixed u, v ∈ H, [16].

It is straightforward to show that, if ω is an invariant state satisfying the above conditions, then the time evolution is implemented on the GNS Hilbert space H_ω by an one-parameter weakly continuous unitary group. Thus, the GNS triple relative to ω leads to a continuous covariant representation for the system (A, α_t, ω).

In this paper, a triple (A, α_t, ω) made of the dynamical system (A, α_t) together with an invariant state ω such that the GNS representation π_ω gives rise to a continuous dynamical systems in the above sense, is said to be a Quantum Dynamical System (QDS for short).^{51}

Concerning ergodic properties of a QDS (A, α_t, ω) with ω invariant, we introduce the following definitions (see e.g. [33, 41]):

49The KMS states are the analogous, in quantum mechanics, of the classical Gibbs measure, see [16] for details.

50This is nothing else that the definition of classical dynamical system lifted at the level of the algebra of the observable and extended to non commutative algebras.

51This is obviously the generalization to the quantum situation of Definition 1.

(i) (A, α_t) is asymptotically Abelian if lim_{t→∞} ‖[α_tA, B]‖ = 0 for every A, B ∈ A.

(ii) (A, α_t, ω) is ergodic if ω is the only invariant state for α_t in π_ω (A)^{′′}_∗ . (iii) (A, α_t, ω) is weakly mixing if m_t(ω(A(α_tC)B) − ω(AB)ω(C)) = 0 (4.1)

for every A, B, C ∈ A and m_t is any invariant mean on R. (iv) (A, α_t, ω) is mixing if lim_{t→∞} ω(A(α_tC)B) = ω(AB)ω(C) (4.2)

for every A, B, C ∈ A.

We note that a state ω enjoying properties (iii) or (iv) is referred, in the current literature, as a weakly clustering or strongly clustering state respectively, see e.g. [16, 17, 33, 41, 62]. Yet, in analogy with the classical case, we prefer to retain our terminology since properties (iii) and (iv) are the natural generalizations to quantum (i.e. non commutative) cases of analogous properties considered in commutative cases, see e.g. [4, 31].

Noticing that we have the chain of implications (iv) ⇒ (iii) ⇒ (ii) for the above properties ([41], Theorem 2.1), we focus our attention only on properties (i) and (iv).

Finally, we remark that, for asymptotically Abelian QDS (A, α_t, ω), property (iv) is equivalent to lim_{t→∞} ω(Aα_tB) = ω(A)ω(B) (4.3)

for every A, B ∈ A (two-point clustering).^{52}

A tool often used in C^∗ or W^∗-dynamical systems in order to investigate asymptotic properties is the following strengthening of (i):

(v) (A, α_t) is L^1-asymptotically Abelian if there exists a norm-dense ∗-subalgebra

A0 ⊂ A such that_{∫ ∞} 0 ‖[α_tA, B]‖dt < +∞ for every A, B ∈ A_0.

The results of the following section rest on the proof of a weaker version of L^1 asymptotic Abelianess.

Notice that the previous definitions fall under the criticisms of section 3.3. At the moment it is not completely clear (at least to me) how to extend the considerations of section 3.3 to the quantum setting. Nevertheless, we learned there that, at least, all Gibbs measures (including the one corresponding to Hamiltonians non related to the one defining the dynamics) should be considered. In the following we will assume an even more restrictive point of view: since the model we will discuss first is an harmonic chain to which corresponds a quadratic Hamiltonian, we will consider only states determined by quadratic Hamiltonians (that is, quasi-free states) and their perturbations.

It is now time discuss a concrete example.

52For KMS states of C^∗-dynamical or W^∗-dynamical systems, the equivalence between (4.2) and (4.3) holds independently of asymptotic abelianess.

4.2. A weakly an-harmonic quantum chain. We begin our analysis considering the Hamiltonian H(q, p) = 1 2m ∑ i∈Z p^2_i + 1 2 ( 1 M − 1 m ) p^2_0 +

K_0 2 ∑ i∈Z (q_{i+1} − q_i)^2 + ∑ i∈Z κ 2 q^2_i + V_∗(q_0) .

This corresponds to a harmonic chain with one heavier particle subject to a possibly non quadratic potential.

For simplicity we choose the unity of measure such that m = 1, 4K_0 = 1 and

~ = 1. Thus we obtain H(q, p) = 1 2 ∑ i∈Z p^2_i + 1 2 ( 1 M − 1 ) p^2_0 + 1 8 ∑ i∈Z (q_{i+1} − q_i)^2 + ∑ i∈Z κ 2 q^2_i + V_∗(q_0) .

(4.4)

As a preliminary step, let us start by considering the special case in which V_∗(q) =^K_2 q^2, K > 0, which yields the quadratic Hamiltonian H(q, p) = 1 2 ∑ i∈Z p^2_i + 1 2 ( 1 M − 1 ) p^2_0 + 1 8 ∑ i∈Z (q_{i+1} − q_i)^2 + ∑ i∈Z κ 2 q^2_i + K 2 q^2_0 .

(4.5)

Clearly H represents an infinite harmonic chain with a particle of different mass subject to an external potential. One can consider both the case κ > 0 and the case κ = 0, when an infrared divergence is present; for simplicity let us restrict the discussion to the κ > 0 case.

In order to study the evolution of such a (quantum) system, it is natural to consider the real vector space L^2R(Z)^2 := L^2R(Z) ⊕ L^2R(Z) of the doubly infinite sequences that are square summable and the symplectic space (L^2R(Z)^2, σ) with symplectic form σ(v, w) = 1 2 ∑ i∈Z v^1_i w^2_i − v^2_i w^1_i ,

for each v = (v^1, v^2), w = (w^1, w^2) ∈ L^2R(Z)^2.

We introduce the block operator A_μ : L^2R(Z)^2 → L^2R(Z)^2

A_μ = ( 0 I − aP 1 4 Δ + μI − KP 0 )

where μ = −κ,^{53} a = 1 −^1_M and P, Δ are operators from L^2R(Z) to L^2R(Z) defined by (Pv)_i = δ_{i0}v_0 and (Δv)_i = v_{i+1} + v_{i−1} − 2v_i, respectively.^{54}

53This notation is convenient since the parameter μ can be interpreted as a kind of “chemical potential” in analogy with [17], Section 5.2.

54The Hamilton equations associated to (4.5) read ( q̇ ṗ ) = Aμ ( q p ) .

It is well known (see e.g.[1, 2, 3, 17, 40, 56, 61, 73]) that, in a quantum system, the observables are described by a CCR algebra over (appropriate subspace of) L^2R(Z)^2. More precisely, to each symplectic subspace H ⊂ L^2R(Z)^2, it is uniquely associated a C^∗-algebra A(H, σ).^{55}

The algebras of observables that will be relevant in the sequel are determined by the Banach spaces W^n(Z) made of sequences v ≡ {v_k} such that ‖v‖_W n := [ ∑ k∈Z (|k|^n + 1)|v_k| ] < +∞ (of course W^0 = L^1).

It is immediate to verify that A^∗_μ generate a one-parameter group of Bogoliubov automorphisms (simply the adjoint of the classical evolution) T^μ_t v := e^{tA∗μ} v, t ∈ R (4.6)

on each of the symplectic spaces (L^2R(Z)^2, σ) and (W^nR (Z)^2, σ).

Thus, the dynamics relative to the Hamiltonian (4.5) is uniquely determined on all C^∗-algebras A(L^2R(Z)^2, σ) and A(W^nR (Z)^2, σ) by the following action on the generators: α^{μ,0}_t W (v) := W (T^μ_t v), t ∈ R. (4.7)

It turns out that the C^∗-algebra A(L^2R(Z)^2, σ) is asymptotically Abelian w.r.t. the dynamics α^{μ,0}_t , μ < 0, whereas the C^∗-algebra A(W^2R(Z)^2, σ) is asymptotically Abelian w.r.t. the dynamics α^{0,0}_t .

The possibility to consider various spaces for the observables resembles quite a bit the classical situation where there was the possibility to choose different Banach spaces and the difference did matter. Yet, contrary to the classical case, here the space of observables is ridiculously small. Naïvely it corresponds to little more than finite combination of operators of the type e^i P^{k∈}Z^{v1k qk +v2k pk} where {q_k, p_k} are the position a momentum of the k-particle. Thus for finitely many particles (when all the spaces we are considering coincide) the observables under consideration correspond, classically, to something like the uniform closure of the trigonometric polynomial. This is a quite typical situation for CCR algebras: they tend to be rather small. Of course, once the state is specified one could consider the associated Von Neumann algebra, this classically would correspond to the L^∞(μ) functions, where μ is the measure defining the state of the system. Yet, the discussion on the classical case has clarified that this space is most likely too big. It is not surprising then that it is not known if the results discussed in the following can be extended to the Von Neumann algebra; indeed more likely they are false for such a large set of observables. The situation is thus unsatisfactory and much more needs to be understood. This will emerge more clearly when we will discuss the non linear dynamics. The above CCR is so small that it is not even an invariant algebra for the non linear dynamics. We will solve the problem in a minimalist way: we will enlarge the algebra the minimum necessary to be able to define the dynamics,

55Given a symplectic subspace H ⊂ L^2R(Z)^2, the associated CCR C^∗-algebra A(H, σ) is generated by the Weyl operators {W (v)}_{v∈H} with the relations W (0) = I, W (−v) = W (v)^∗, and W (v)W (w) = e^{−iσ(v, w)}W (v + w), [40]. Notice that the C^∗ norm is uniquely determined by the algebraic structure [17], Theorem 5.2.8. Then A(H, σ) is the norm closure of A(H, σ).

essentially our final algebra will be vaguely reminiscent, in the classical case, of the space of functions analytic in a strip.

The last element of the model is the class of states we intend to consider. As anticipated at the end of the section 4.1 we introduce a wide class of invariant quasifree states ω for our chain and limit the discussion to their statistical properties.

Quasi-free states are the quantum analogous of a Gaussian probability measure. As in the Gaussian case they are completely determined by a quadratic form B on the space V on which the CCR algebra A(V, σ) is defined. More precisely the quasi free state ω is determined by the quadratic form B, often called the two point function, by the formula (see e.g. [1, 2, 17, 61, 73]) ω(W (v)) = e^{− 12 B(v,v)}. (4.8)

Clearly, by using the commutation relations of the CCR (see footnote 55), relation (4.8) allows to compute the expectation of all the observables. For the linear quantum system under investigation it turns out that the KMS states are indeed quasi-free states with two point function given by B_F (u, v) = ⟨u, F_β (A_μ)v⟩ (4.9)

where F_β is the analytic function

F_β (z) := coth(^β_2 √ −z) √ −z . It is easy to check that the two-point function (4.9) gives rise to a KMS state ω_{μ,β} at the inverse temperature β for the CCR C^∗-algebra A(L^2R(Z)^2, σ) w.r.t. the dynamics α^{μ,0}_t . More interesting is the existence of many other quasi–free states invariant under the dynamics. They can be viewed as KMS stated of different dynamics that commute with our dynamics. The physical interpretation of this phenomena is rather obvious: the harmonic chain is an integrable system, accordingly its normal modes evolve independently. Hence, any state that diagonalizes on the normal modes and is invariant under the evolution of each single normal mode will be invariant. Clear there exists an enormous amount of arbitrariness on which statistical weights attribute to the various normal modes.

It is possible to show that the Quantum Dynamical System (A(L^2R(Z)^2, σ), α^{μ,0}_t , ω) associated to any invariant quasi-free state ω is mixing. Such states, in particular, include the KMS states and ground states.

4.2.1. The non linear case. As already mentioned the definition of the dynamics α^{μ,P}_t associated to the Hamiltonian (4.4) with

V_∗(x) := K 2 x^2 + V (x)

is more delicate. The main obstacle is that the operator associated to the potential V is not necessarily an element of the above C^∗-algebras.

To be more precise we will consider

V (x) = ∫ R e^{iλx}ν(dλ) where ν is a bounded complex measure with real Fourier transform. Clearly, the self-adjoint operator P naturally associated to V (x) should be

P := ∫ R W (λe_{0,1})ν(dλ) (4.10)

where e_{0,1} = (e_0, 0) and, as usual, e_0 = (. . . , 0, 1, 0, . . . ). Unfortunately the above integral has meaning only in any of weak topologies associated to a suitable representation π of A = A(W^2R(Z)^2, σ) (e.g. the weak*-topology of π(A)^{′′}), not in the norm topology. It is thus necessary to enlarge in a canonical way our C^∗-algebras in order to define QDSs in the non linear case. This new algebra of observables will depend on the state ω under consideration. The basic idea to construct it is to add to the CCR all the element of the associated Von Neuman algebra generated by weak integration, namely for each complex measure on W^2R(Z)^2 such that for some ε > 0 ∫ W 2R^{(Z)2 eε‖x‖W 2} R^(Z^{)2} |μ|(dx) < ∞

we consider the operator ∫ W 2R^{(Z)2 W (x)μ(dx)}

(4.11)

where the integral is understood with respect to the strong operator topology. The wanted C^∗-algebra can then be obtained as the norm closure of the above set of operators. Note that the operator (4.10) associated to the non-quadratic part of the potential is a particular case of (4.11), thus it is quite reasonable that the above algebra is large enough to define the non-linear dynamics while, at the same time, is more or less as small as it can be. We will call such an algebra M_ω.

As it is well known [16, 17], the dynamics can then be defined by the equation

α^P_t A = α^0_t A + i ∫_t 0 dsα^P_s [P, α^0_{t−s}A] (4.12)

where α^0_t denotes the linear dynamics extended to M_ω. In our case P is precisely the non quadratic part of the external potential acting on the 0^{th}-particle.

The main result can then be summarized by the following theorem.

Theorem 4.1. Suppose that the potential V is sufficiently small.

Then the following assertions hold.

(i) To any quasi-free state ω on A invariant w.r.t. the linear dynamics α^{μ,0}_t , such that v ∈ W^2R(Z)^2 → ω(W (v)) ∈ C is a Borel function, it corresponds a unique state ω_∞ on M_ω invariant w.r.t. the non linear dynamics α^{μ,P}_t , which can be obtained as the following pointwise limit: ω_∞(A) = lim_{t→±∞} ω(α^{μ,P}_t A) . (ii) If the QDS (A, α^{μ,0}_t , ω) is mixing, then the QDS (M_ω, α^{μ,P}_t , ω_∞) is mixing.

The meaning of sufficiently small in the above theorem is specified by requiring that the quantity

[]ν[] := sup_{n∈} N 1 (n − 1)! ∫ R |ν|(dλ)|λ|^n, (4.13) be sufficiently small. In particular []ν[] ≤ ∞ implies that V is analytic. The exact amount of smallness required it is not so relevant here, it suffices to say that the limit is more or less given by the requirement that the potential remains concave.

The technique used to establish the above result is perturbation theory. Indeed, a crucial step in the proof is the derivation of the following integral equation

f(v) = ω(W (v)) + ∫_∞ 0 ds ∫ R ν(dλ)f(λe_{0,1} + T_sv)g(v, s, λ). (4.14)

where f belongs to the class of locally bounded Borel function on the symplectic space and g is a kernel determined by the commutation rule between Weyl operators (see footnote 55).^{56} The equation (4.14) has a unique solution given precisely by f(v) = ω_∞(W (v)). This is proven by the standard trick of iterating the integral equation and proving convergence of the resulting series. The fact that the perturbative series for the dynamics can be controlled uniformly in time is a bit surprising and can hardly be expected to hold in general.

Nevertheless, the above equation can be easily recovered in a more general setting and could be the starting point for a non perturbative study of the approach to equilibrium (see [71] for very recent related results).

In conclusion, we have that non–KMS states survive for the perturbed dynamics. Clearly this contradicts the naïve idea that the KMS states are the only states that survive perturbations. Of course, the partisan of this point of view may rightly argue that the perturbations considered here are unreasonably small and that to have a real argument one should be able to treat, at least, a weakly anharmonic crystal (that is the non-linear perturbation should be possibly very small, but present on each spring). Since such a perturbation in unbounded it does not fall in the previous setting. Nevertheless one should emphasize that also the rigorous results on the stability of the KMS states are not completely satisfactory. The problems being that they require stability is a rather strong sense and with respect to a very wide class of perturbations (see, e.g., [70]).

I think it is then fair to say that the issue it is not yet satisfactorily solved and more work is needed to clarify theses questions.

I would like to emphasize that the speed of mixing in the previous systems is only polynomial (versus the classical examples which often exhibit exponential mixing). This is another indication of a more complex situation. Yet, also classically there are several cases in which the decay is only polynomial (for example intermittent maps or non–Hölder potentials^{57}) and they can still be treated with methods similar to the one outlined in these notes.

4.3. Concluding remarks. In this lectures I have tried to outline some results and techniques concerning the return to equilibrium in classical and quantum systems. The discussion has emphasized some major differences between the two settings.

56To obtain (4.14) take the average of (4.12) with respect to ω and compute. 57By intermittent maps are meant maps with a neutral fixed point, for example consider an expanding map of the interval with zero as a fixed point such that, near zero, has the form x + x^{1+α}, α ∈ (0, 1). Such maps have a unique invariant measure absolutely continuous with respect to Lebesgue (although the density is singular at zero) and are mixing (if topologically mixing), but the rate of mixing it is only polynomial, see [55], [75], [34], [14]. For the case of non-Hölder potential see [59], [69], [15].

The most important being that in the quantum framework one is forced to consider immediately infinite systems and therefore there is a lack of simple models. In fact, all the classical theory stars with the study of systems with few degree of freedom (one or two dimensions) and has focused on the phenomena of sensitive dependence from initial conditions (hyperbolicity). In the quantum setting such concepts are lacking (e.g., there is no clear definition of what a quantum Lyapunov exponent could be) or have many possible generalizations (e.g., the concept of entropy) and it is unclear which should be used to produce results analogous to the classical setting. Some interesting attempts to address such questions have been done (notably all the work under the label of Quantum Chaos, see [72] for some rigorous results and [36], [30] for an overview of the field). Yet, the situation is still vastly unsatisfactory.

This state of affair reflects on the fact that, although I have made an effort to present the classical theory in a manner as close as possible to the quantum setting, it is not clear how to really generalize the classical ideas. In fact, when I finally presented some results for quantum systems they were essentially based on perturbative theory while the fundamental feature of the classical methods previously introduced is their non perturbative, but rather dynamical, character. As far as I can see such dynamical arguments are still missing in the quantum setting and their development stand as a challenge for the future.

References

[1] Araki H., Shiraishi M. On quasi-free states of the Canonical Commutation Relations I, Publ. Res. Inst. Math. Sci. 7 (1971–72), 105–120.

[2] Araki H. On quasi-free states of the Canonical Commutation Relations II, Publ. Res. Inst.

Math. Sci. 7 (1971–72), 121–152.

[3] Araki H., Woods E. J. Representations of the Canonical Commutation Relations describing a non-relativistic infinite free Bose gas, J. Math. Phys. 4 (1963), 637–662.

[4] Arnold V. I., Avez A. Ergodic problems of classical mechanics, Benjamin, New York, 1968. [5] V.Baladi, M.Degli Esposti, S. Isola, E.Järvenpää, A.Kupiainen, The spectrum of weakly coupled map lattices J. Math. Pures Appl. (9) 77 (1998), no. 6, 539–584.

[6] V.Baladi, L.S.Young, On the spectra of randomly perturbed expanding maps, Comm. Math.

Phys., 156, (1993), 355-385 (erratum 166, (1994), 219-220).

[7] G.Birkhoff, Lattice Theory, American Mathematical Society Colloquium Publications, Providence, Rhode Island, 25, 3rd ed., (1967).

[8] G.Birkhoff, Extension of Jentzsch’s Theorem, Transaction American Mathematical Society, 85, (1957), 219-227.

[9] J.Bricmont, A.Kupianen, Coupled analytic maps, Nonlinearity, 8, (1995), 379–396. [10] J.Bricmont, A.Kupianen, High temperature expansions and dynamical systems, Communication Math.Phys., 178, (1996), 703–732.

[11] M.Blank, G.Keller, C.Liverani Perron-Frobenius spectrum for Anosov maps, in preparation.

[12] Botvich D., Maassen H. Stability of Bose dynamical systems by branching theory preprint. [13] R. Bowen Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Lecture Notes in Mathematics, 470, Springer-Verlag, New York, Heidelberg, Berlin, (1978).

[14] X. Bressaud, R. Fernandez, A. Galves, Speed of d-convergence for Markov approximations of chains with complete connections. A coupling approach, Stochastic Process. Appl., 83, (1999), no. 1, 127–138.

[15] X. Bressaud, R. Fernandez, A. Galves, Decay of correlations for non-Hölderian dynamics.

A coupling approach, Electron. J. Probab., 4, (1999), no. 3, 19 pp.

[16] Bratteli O., Robinson D. W. Operator algebras and quantum statistical mechanics I, Springer, Berlin-Heidelberg-New york, 1981.

[17] Bratteli O., Robinson D. W. Operator algebras and quantum statistical mechanics II, Springer, Berlin-Heidelberg-New york, 1981.

[18] L.A.Bunimovich, Ya.G.Sinai, Spacetime chaos in coupled map lattics, Nonlinearity, 1, (1988), 491–516.

[19] Y.-C.Chen, J.L.Lebowitz, C.Liverani Dissipative Quantum Dynamics in a Boson Bath, Physical Review B, 40, 7, pp. 4664–4682, (1989).

[20] I.P.Cornfeld, S.V.Fomin, Ya.G.Sinai, Ergodic theory, Translated from the Russian by A.

B. Sosinskii. Fundamental Principles of Mathematical Science 245, Springer-Verlag, New York-Berlin, (1982).

[21] de Smedt P., Dürr D., Lebowitz J. L., Liverani C. Quantum system in contact with a thermal environment: rigorous treatment of a simple model, Commun. Math. Phys. 120 (1988), 195–231.

[22] Dunfurd N., Schwartz J. T. Linear Operators, Part I, II, Interscience Publisher, New York 1964.

[23] J.-P. Eckmann, C.-A. Pillet, L. Rey-Beller, Non-equilibrium statistical mechanics of anharmonic chains coupled to two heat baths at different temperatures to appear in Commun. Math. Phys.

[24] Fidaleo F., Liverani C. Ergodic properties for a quantum non linear dynamics, Preprint 1999.

[25] T.Fischer, H.H.Rugh, Transfer operators for coupled analytic maps, Ergodic Theory Dynam. Systems, 20, (2000), no. 1, 109–143.

[26] J. Fritz, C. Liverani, S. Olla, Revesibility in infinite hamiltonian systems with conservative noise, Commun. Math. Phys. 189, (1997) 481–496.

[27] S.Goldstein, C.Kipnis, N.Ianiro, Stationary states for a mechanical system with stochastic boundary conditions J. Statist. Phys. 41, no. 5-6 (1985) 915–939.

[28] Graffi S., Martinez A. Ergodic properties of infinite quantum harmonic crystals: an analytic approach, J. Math. Phys. 37 (1996), 5111–5135.

[29] B.M. Gurevič, Ya.G. Sinai, Yu.M. Suhov, Invariant measures of one dimensional statistical mechanics (Russian) Uspechi. Mat. Nauk 28, n. 5 (173), (1973) 45–82.

[30] Gutzwiller M. C. Chaos in Classical and Quantum Mechanics, Springer-Verlag, New York (1990).

[31] Halmos P. R. Lectures in ergodic theory, Chelsea, Bronx, New York, 1956. [32] H.Hennion, Sur un théorème spectral et son application aux noyaux Lipchitziens, Proc.

Amer. Math. Soc., 118, (1993), 627-634.

[33] Haag R., Kadison R. V., Kastler D. Nets of C^∗-algebras and classification of states, Commun. Math. Phys. 16 (1970), 81–104.

[34] H.Hu Decay of correlations for piecewise smooth maps with indifferent fixed points, preprint.

[35] Hübner M., Spohn H. Radiative decay: nonperturbative approaches, Rev. Math. Phys. 7 (1995), 363–387.

[36] Hurt N. E. Quantum chaos and mesoscopic systems, Mathematics and its applications 397, Kluwer Academic Publ., Dordrecht, London (1997).

[37] Jaks̆ić V., Pillet C. A. On a model for quantum friction III. Ergodic properties of the spin-boson systems, Commun. Math. Phys. 37 (1996), 627–651.

[38] M.Jiang, Ya.G.Pesin, Equilibrium measures for coupled map lattices:Existence, uniqueness and finite-diemnsional approximations, Communication Math.Phys., 193 (1998), no. 3, 675–711.

[39] K.Kaneco (ed.), Theory and applications of coupled map lattices, J.Wiley & Sons, Chichester, (1993).

[40] Kastler D. The C^∗-algebra of a free Boson field, Commun. Math. Phys. 1 (1965), 14–48. [41] Kastler D. Equilibrium states of matter and operator algebras in Symposia mathematica Vol. XX (1976), 49–107, Academic Press.

[42] A. Katok, B. Hasselblatt Introduction to the Modern Theory of Dynamical Systems, Cambridge University Press, Encyclopedia of Mathematics and its Applications 54, edited by G.-C.Rota, New York (1995).

[43] M.Keane, R.Murray, L.S.Young, Computing invariant measures for expanding circle maps, Nonlinearity, 11, (1998), 27-46.

[44] G.Keller, Ergodicité et mesures invariantes pour les transformations dilatantes par morceaux d’une région bornée du plan, C. R. Acad. Sci. Paris, Série A, 289, (1979), 625-627 (Kurzfassung der Dissertation).

[45] G.Keller, Coupled map lattice via transfer operators on functions of bounded variation. Stochastic and spatial structures of dynamical systems (Amsterdam, 1995), 71–80, Konink. Nederl. Akad. Wetensch. Verh. Afd. Natuurk. Eerste Reeks, 45, North-Holland, Amsterdam, 1996.

[46] G.Keller, Keller, G. Mixing for finite systems of coupled tent maps, Tr. Mat. Inst. Steklova 216 (1997), Din. Sist. i Smezhnye Vopr., 320–326.

[47] G.Keller, M. Knzle, Transfer operators for coupled map lattices. Ergodic Theory Dynamical Systems 12 (1992), no. 2, 297–318.

[48] A.V.Isaev, S.G.Krantz, Invariant distances and metrics in Complex Analysis, Notices of the AMS, 47, n. 5, (2000), 546–553.

[49] O.E. Lanford III, J.L. Lebowitz, Time evolution and ergodic properties of harmonic crystals in Lecture Notes in Physics 38 1975) 144–177.

[50] Lenci M. Ergodic properties of the quantum ideal gas in the Maxwell–Boltzmann statistics, J. Math. Phys. 37 (1996), 5136–5157.

[51] C.Liverani, Decay of Correlations, Annals of Mathematics, 142, pp. 239-301, (1995). [52] C.Liverani, Decay of Correlations in Piecewise Expanding maps, Journal of Statistical Physics, 78, 3/4, pp. 1111-1129, (1995).

[53] C.Liverani, Rigorous numerical investigation of the statistical properties of piecewise expanding maps–A feasibility study, preprint.

[54] C.Liverani, S.Olla, Ergodicity in infinite hamiltonian systems with conservative noise Probab. Theory Relat. Fields 106 (1996) 401–445.

[55] C.Liverani, B.Saussol, S.Vaienti,A Probabilistic Approach to Intermittency, Ergodic Theory and Dynamical Systems, 19, pp. 671-685 (1999).

[56] Lewis J. T., Pulé J. V. The equilibrium states of the free Boson gas, Commun. Math. Phys.

36 (1974), 1–18.

[57] J.L. Lebowitz, H. Spohn, Transport properties of the Lorentz gas: Fourier’s law J. Stat.

Phys. 19, n. 6 (1978) 633–654.

[58] A.Lasota, J.A.Yorke, On the existence of invariant measures for piecewise monotonic transformations, Transact.Amer.Math.Soc. ,186, (1973), 481-488.

[59] Maassen H. Return to thermal equilibrium by the solution of a Qunatum Langevin Equation J.Stat.Phys. 34, n. 1/2, (1984) 239–261.

[60] C.Maes, A.Van Moffaert, Stochastic stability of weakly coupled lattice maps, Nonlinearity, 10, (1997), 715–730.

[61] Manuceau J., Verbeure A. Quasi-free states of the CCR-algebra and Bogoliubov transformation, Commun. Math. Phys. 9 (1968), 293–302.

[62] Narnhofer H., Thirring W. Mixing properties of quantum systems, J. Stat. Phys. 57 (1989), 811–825.

[63] Nielaba P., Spohn H., Valles J. L. Behavior of a quantum particle in contact with a classical heat bath, J. Stat. Phys. 55 (1989), 745–767.

[64] R.D.Nussbaum, The radius of the essential spectrum, Duke math. J., 37, (1970), 473–478. [65] R.D.Nussbaum, Hilbert projective metric Memoirs American Mathematical Society, 391, (1988), 1-137.

[66] S. Olla, S.R.S. Varadhan, H. T. Yau Hydrodynamic Limit for a Hamiltonian System with Weak Noise, Comm. Math. Phys. 155, (1993), 523–560.

[67] E.Presutti, Ya.G. Sinai, M.R. Soloviechik, Hyperbolic and Möller morphism for a model of classical statistical mechanics Statistical physics and dynamical systems (Köszeg, 1984), Prog. Phys 10 Birkhäuser Boston, Boston Mass. (1985) 253–284.

[68] Ya.G.Pesin, Ya.G.Sinai, Space-time chaos in chains of weakly interacting hyperbolic mappings, Dynamical systems and statistical mechanics (Moscow, 1991), Amer.Math.Soc., Providence, RI, 1991.

[69] M. Pollicott, Rates of mixing for potentials of summable variation, Trans. Amer. Math.

Soc. 352, (2000), no. 2, 843–853.

[70] Pulvirenti M. Stability, equilibrium and KMS for an infinite classical system, J. Math.

Phys. 18 (1977), 2099–2103.

[71] Ruelle D. Natural nonequilibrium states in Quantum Statistical Mechanics preprint. [72] Sarnak P. Arithmetic quantum chaos, Israel Math. Conf. Proc. 8 (1995), 183–236. [73] Van Daele A. Quasi-equivalence of quasi-free states on the Weyl algebra, Commun. Math.

Phys. 21 (1971), 171–191.

[74] K.L.Volkovysskiĭ, Ya.G. Sinai, Ergodic properties of an ideal gas with an infinite number of degree of freedom (Russian) Funktional Anal. i Priložen. 5, n. 3, (1971) 19–21; (English) Functional. Anal. Appl. 5 (1971) 185–187.

[75] L.-S. Young, Recurrence times and rates of mixing, Israel J. of Math., 110, (1999), 153– 188.

Carlangelo Liverani, Dipartimento di Matematica, II Università di Roma (Tor Vergata), Via della Ricerca Scientifica, 00133 Roma, Italy

E-mail address: liverani@mat.uniroma2.it